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Abstract 

This article focuses on LP estimates for objects associated to el- 
liptic operators in divergence form: its semigroup, the gradient of the 
semigroup, functional calculus, square functions and Riesz transforms. 
We introduce four critical numbers associated to the semigroup and 
its gradient that completely rule the ranges of exponents for the LP 
estimates. It appears that the case p < 2 already treated earlier is 
radically different from the case p > 2 which is new. We thus recover 
in a unified and coherent way many LP estimates and give further ap- 
plications. The key tools from harmonic analysis are two criteria for 
LP boundedness, one for p < 2 and the other for p > 2 but in ranges 
different from the usual intervals (1,2) and (2,oo). 
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Introduction 

Although the matter of this text applies in extenso to elliptic operators or 
systems in divergence form to any order in IR n , we focus on second order 
operators in R n . A section will be devoted to these more general classes. 

Let A = A(x) be an n x n matrix of complex, L°° coefficients, defined on 
M n , and satisfying the ellipticity (or "accretivity" ) condition 



for (,( G C" and for some A, A such that < A < A < oo. We define a 
second order divergence form operator 



which we interpret in the sense of maximal accretive operators via a sesquilin- 
ear form. Here, V denotes the array of first order partial derivatives. 

The maximal accretivity condition implies the existence of an analytic 
contraction semigroup on L 2 (IR n ) generated by —L. It also implies the ex- 
istence of a holomorphic functional calculus that has the expected stability 
under commutation and convergence, allowing for example to define frac- 
tional powers. This in turn yields the possibility of defining various objects 
of interest both from functional and harmonic analysis points of view. Let 
us mention Littlewood-Paley-Stein type functionals such as 



Vo / 
The "singular integral" pending to the latter square function is the so-called 
Riesz transform associated to L given for example by 



Other objects of interest are 1) the operator of maximal regularity for the 
parabolic equation associated to L, 2) Riesz means and //-multipliers when L 



A|£| 2 < Remand |A£ • C| < A|f||C|, 



L/=-div(AV/), 




and 
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is, in addition, self-adjoint . . . They can be treated by the methods presented 
here but we have chosen not to go into such developments. 

When the coefficients are constant, e.g. the Laplacian, one finds clas- 
sical objects in harmonic analysis: multipliers, the Littlewood-Paley-Stein 
functionals and the original Riesz transforms. They belong to the well- 
understood class of Calderon-Zygmund operators. If the coefficients of L 
still have some smoothness, then the tools of pseudo-differential calculus or 
of Calderon-Zygmund theory can still be used. In absence of regularity of 
the coefficients, these operators fall beyond the above classes and this par- 
ticipate to Calderon's program 1 of defining algebras of differential operators 
with minimal smoothness. 

The first step of that study is the action on L 2 (IR n ). First, there is a 
bounded holomorphic functional calculus on L 2 basically as a consequence 
maximal accretivity and Von Neumann's inequality. One has 

y{L)fh < imui/ii 2 

for ip bounded holomorphic in the open right half plane. Next, gi and Gl 
are L 2 bounded (see Section |7J) and 

M/)||2~||/||2~||G L (/)|| 2 . 2 

The L 2 boundedness of the Riesz transform has been proved recently and in 
fact, one has in all dimensions 

l|£ 1/2 /l| 2 ~||W|| 2 . 

This implies that the domain of L 1 / 2 is the Sobolev space W 1 ' 2 , which was 
known as Kato's conjecture. 3 

The second step is the action on L p (M. n ) with 1 < p < oo but p ^ 
2. The bounded holomorphic functional calculus on LP consists in proving 

1 See 0. 

2 Here ~ is the equivalence in the sense of norms, with implicit constants C depending 
only on n, A and A. 

3 The one dimensional Kato's conjecture (that is the case n = 1)) is first proved by 
Coifman, M c Intosh & Meyer |CMcMl Theoreme X] the two dimensional case by Hofmann 
k M c Intosh |HM1 Theorem 1.4] and the general case in any dimension by Hofmann, Lacey, 
M c Intosh & Tchamitchian along with the author AHLMcT, Theorem 1.4]. We refer to 
the latter reference for historical remarks and connections with other problems. 
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LP boundedness of <f(L) for an appropriate class of bounded holomorphic 
functions ip. It is completely understood 4 and one has 

\\<f(L)(f)\\p < IMUI/|| P whenever p_(L) < p < p + (L), 5 

where p~{L) and p+{L) are the two critical exponents for the LP uniform 
boundedness of the semigroup {e~ tL )t>o- It is clear that this interval is the 
largest open range of exponents for which such an inequality holds as (p can 
be an exponential. The L p theory for square functions consists in comparing 
the LP norms of #!,(/), / and Gz(f). For g L , what happens is completely 
understood in terms of functional calculus: 6 one has 

||fl'i(/)||p~ \\f\\p whenever p_(L) <p<p + (L). 

It turns out that this interval is the largest open range of exponents for which 
this equivalence holds. The comparison between the LP norms / and Gi{f) 
has not been done in general so far 7 and we shall see that 

\\GMWp ~ II f\\ P whenever g_(L) < p < q+(L), 

where q~{L) and q+{L) are the two critical exponents for the LP uniform 
boundedness of the gradient of the semigroup [\ft Ve~* L )i >0 , and that this 
open range is optimal. We also study the corresponding non-tangential 
Littlewood-Paley-Stein functionals (See Section 7). 

The LP theory for square roots consists in comparing L l l 2 f and V/ 
in LP norms. 8 There are two issues here, namely the Riesz transform 
LP boundedness, that is an inequality ||V/|| P < HL 1 / 2 /^, and its reverse 
ll-^ 1 ^ 2 /!!? ~ II V/Hp. It turns out the ranges of p may be different. The state 

4 This is essentially due to Blunck & Kunstmann BK2, Proposition 2.3] although the 
authors did not introduce the numbers p± (L) . 

Here < is the comparison in the sense of norms, with implicit constant C that may 
depend on L through ellipticity, dimension, its type and j?±(L). 

6 This follows by combining works of Blunck & Kunstmann BK2, Proposition 2.3] and 
Le Merdy |TeMl Theorem 3] . 

7 After this paper was submitted, the author learned of a work by Yan [Yanj where 
the inequality < is obtained for 2n/(n + 2) < p < 2. 

8 This program was initialised by the author and P. Tchamitchian in jATj for this 
class of complex operators. It arose from a different perspective towards applications to 
boundary value problems in the works of Dalbergh, Jerison, Kenig and their collaborators 
(see |Kel problem 3.3.16]). 
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of the art for this class of operators L is as follows. 9 One has the Riesz 
transforms estimates 10 

1 < p < oo 

||V/||,< HI 1 "" 2 /!!, if {" = 2 and Kp<2 + e 

^- 2 -e<p<2 + e 



and the reverse inequalities 



ii 



n — 1 


and 


n = 2 


and 


n>3 


and 


= 1,2 


and 


= 3,4 


and 


> 5 


and 



n — 1,2 and 1 < p < oo 
|£ 1/2 /ll P < l|V/|| p if {n = 3,4 and Kp<^+e 

Of course, if L possesses more properties then the ranges of exponents p 
improve. For example for constant coefficients operators these inequalities 
holds when 1 < p < oo, and for real operators in dimensions n > 3, the 
Riesz transform L p boundedness is valid for 1 < p < 2 + e and the reverse 
inequality for 1 < p < oo. 12 Hence, it is interesting to have a theory that 
works for any single operator. In fact, the conclusion of the story for the 



9 Some of the results were obtained prior to the Kato conjecture by making the L 2 
result an assumption. 

10 For n = 1, this is due to the author and Tchamitchian |AT11 Theoreme A] for n = 2 
to the author and Tchamitchian [ATI Chapter IV, Theorem 1] combining the Gaussian 
estimates of the author, M c Intosh and Tchamitchian [AMcTI Theorem 3.5] and the L 2 
result AHLMcT Theorem 1.4] and for n > 3 and p n = -^p^ < p < 2, independently to 
Blunck & Kunstmann |BK21 Theorem 1.2], and to Hofmann & Martell |HMl Theorem 
1.2]. The enlargement of the range below p n is due to the author [XJ Proposition 1] and 
above 2 is a consequence of the method of the author and Tchamitchian once the reverse 
inequality is established (see [ATI Chapter IV, Proposition 20] and O Corollary 4]). 

11 They are due, for n = 1, to the author and Tchamitchian ( [ATI) . Theoreme A), for 
n = 2, to the author and Tchamitchian f |AT| . Chapter IV, Theorem 1), again combining 
|AMcT| . Theorem 3.5 with |AHLMcTj . Theorem 1.4, for n = 3, 4 to the author, Hofmann, 
Lacey, M c Intosh & Tchamitchian ( [AHLMcT] . Proposition 6.2) and, for n > 5 to the 
author (jS], Theorem 2). 

12 For constant coefficients, this goes back to Calderon-Zygmund original work |CZ| and 
for real operators, this is due to the author and Tchamitchian |ATI Chapter TV]. 



7 



Riesz transform is 



II V/Hp < ||L 1/S 7|| P if and only if g_(L) < p < q + (L) 

and we also show that 

ll^ 1/2 /ll P < ||V/|| P whenever p_(L) = sup(l, (p_(L)),) < p < p+(L). 

This encapsulates all the above mentioned estimates (See Section 1 for the 
notation p„). Concerning the latter range, we show that p+{L) is best possible 
in some sense, while we only know a lower bound on p_(L). 14 Staring 
at the formula given above for computing the Riesz transform this result 
seems to say that the integral yields a bounded operator on L p if and only 
if the integrands are uniformly bounded operators on L p . Said like this, the 
sufficiency looks astonishingly simple. But this is not quite the truth as 
there is a play on exponents in the proof. Note also the range of exponents 
for L p -boundedness of the Riesz transform R(L) = VL -1 / 2 is characterized. 
In particular, it is an open set. We also show that 2 < p < q+(L) if and 
only if the Hodge projector VL" 1 div (or alternately, the second order Riesz 
transform R(L)R(L*)*) is bounded on LP. For p < 2 the LP boundedness of 
the Hodge projector is stronger than that of RiL). 

The objective of this paper is to present a complete, coherent and uni- 
fied theory for all these topics. We present works of others and also original 
contributions. In particular, we have tried to be self-contained. Our main ob- 
servation is the following: four critical numbers 15 rule the L p behavior. 
These are p±(L), the limits of the interval of exponents p G [1, oo] for which 
the semigroup (e~ tL ) t>0 is LP bounded, and q±(L), the limits of the interval 
of exponents p G [l,oo] for which the family (y/i Ve~ tL ) t>0 is L p bounded. 
We make a thorough study of these numbers, their inner relationships and 

13 This problematic of finding the "smallest" exponent p is implicit in BK2] and we 
present the counterpart for the "largest", which turns out to require different arguments. 
After this paper was submitted, Shen |Sh| informed me of his independent and simulta- 
neous work on the same problem for p > 2 when L is real. He obtains a different charac- 
terization of q+(L) in terms of reverse Holder estimates for weak solutions of Lu = 0. We 
convince ourselves by e-mail discussions that this approach can be adapted to complex L. 

14 As said above, all applies to higher-order operators. For that extended class, this 
lower bound is optimal due to some existing appropriate counter-examples in the theory. 
Similar counter-examples for the second order case are not known. 

15 In fact they reduce to two: p~(L) and q+(L). 
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their values in terms of dimension for the whole class of such L (Section 4). 
The key stone of this theory, which makes use of the divergence structure of 
our operators, is that the L p boundedness of their semigroups (resp. of the 
gradient of their semigroups) is equivalent to some off-diagonal estimates 
and also to some hypercontractivity. 16 To be precise, we sometimes have 
to loosen the exponent p, but this is harmless for the kind of results we 
are after. Let us mention here that this equivalence is not powerful enough 
for treating L°° decay of the semigroup kernels whenever there is L 1 or L°° 
boundedness of the semigroup. But, again, this is enough for our needs. 

Next, we turn to studying the harmonic analysis objects (Sections 5, 6 & 
7). On the one hand, finding necessary conditions on p for which one has LP 
bounds for the functional calculus, the square functions, the Riesz transforms 
is intuitively easy and the critical numbers appear then. On the other hand, 
it is not clear at all why these conditions alone suffice. For this, appropriate 
criteria for LP boundedness with minimal hypotheses are needed. 

The L p estimates obtained in Sections 5, 6 & 7 depend on the critical 
numbers of a given operator. Thus, they are individual results with sharp 
ranges of p's, the operator norms depending on dimension, the ellipticity 
constants and some of the critical numbers. But when the critical numbers 
can be estimated for operators in some class, they become LP estimates for 
the whole class. In this case, the optimality of the range of p's is function 
of the sharpness of the bounds on the critical numbers. This is discussed in 
Section 14.51 for second order operators and in Section 18.21 for higher order. 

As the reader may guess, the various critical numbers have no reason to 
be 1 or oo. Hence, we have a class of operators that lies beyond the class of 
Calderon-Zygmund operators. We wish here to present an appropriate 
machinery to obtain LP boundedness without caring about kernels of oper- 
ators and for ranges of p different from the usual intervals (1, 2) or (2, oo) 
(See Section El for more). 

16 This equivalence for values of p different from 1 , although not explicitely stated in the 
literature to our knowledge, is in the air of a number of works dealing with semigroups of 
elliptic operators. It appears first in Davies's work |Daj . See also |LSV] and the references 
therein. 
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1 Notation 

We constantly work on R™, n > 1, equipped with its usual Lebesgue measure. 
If E is a measurable set in MP, we write 



for the norm in the Lebesgue space LP(E), 1 < p < oo, with the usual 
modification if p = oo. We do not indicate the integration variable and the 
measure unless this is necessary for comprehension. Also we drop E in the 
lower limit if E = W a and set W and ||/|| p for L p (R n ) and \\f\\ L p(^) unless the 
value of n is of matter. For Hilbert- valued functions, |/| is replaced by the 
norm in the Hilbert space, |/|h, but we do not introduce a specific notation 
for LP as the situation will make it clear. 

We use the notation p' for the dual exponent to p: p' = ^y. 

The Sobolev space W m ' p (M. n ) : m G N, 1 < p < oo, is the space of those 
LP functions / for which all derivatives up to and including order m are in 
LP . The norm of / is the sum of the LP norms of / and all its derivatives. 

The homogeneous Sobolev space W m ' p (M. n ), m 6 N, 1 < p < oo, is the 
closure of Co°(M. n ) for the seminorm being the sum of the L p norms of all 
derivatives of order m. 

We are essentially interested in Sobolev spaces of order m — 1. The 
well-known Sobolev inequalities say that 




W^iR 71 ) C L q (R n ) 



whenever, n > 1, 



n 



n 




1 < p < n, 



n- 1 



< q < oo 
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and 

ll/ll ff <Cf(n,p,g)||V/|| p . 
We use the notation p* (p upper star) for the Sobolev exponent of p, that is 

np 



P 



n — p 



with the convention that p* = oo if p > n and (q lower star) for the reverse 
Sobolev exponent of q, that is 



q* 



nq 
n + q 



Note that (p*)' = (p')* whenever > 1 and (p*)' = (p')* whenever 
p* < oo. 

For 1 < p, q < oo we set 



Ipi = 

and in the special case where q = 2 

7 P = 



n n 
q p 



n n 
2~p 



As usual, we use positive constants which do not depend on the param- 
eters at stake and whose value change at each occurence. Often, we do not 
mention about such constants as their meaning is self-explanatory. 



2 Beyond Calderon-Zygmund operators 

By definition, 17 a Calderon-Zygmund operator on R™ 18 is a bounded opera- 
tor on L 2 which is associated with a kernel possessing some size and regularity 
properties, the latter being called Hormander's condition. The fundamental 

17 We take this terminology from Meyer [Mel Chapter VII]. 

18 or more generally on a space of homogeneous type (see [CWp : we shall not be 
concerned with the development on non homogeneous spaces described in the excellent 
review by Verdera p/J although extensions to this setting of the results presented here 
would be interesting. 
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result 19 is that such operators are weak type (1, 1), hence strong type (p,p) 
when 1 < p < 2 by the interpolation theorem of Marcinkiewicz and eventu- 
ally strong type (p,p) for p > 2 by a duality argument. Another route is to 
begin with their L°° — BMO boundedness, 20 interpolation between L 2 and 
BMO 21 for 2 < p < oo, and duality for 1 < p < 2. However, one should not 
forget that this interpolation is more involved than the Calderon-Zygmund 
decomposition used for weak type (1,1). 

In applications, this is enough for numerous operators going from con- 
volution operators such as the Hilbert transform and the classical Riesz 
transforms (the prototypes of Calderon-Zygmund operators) to the Cauchy 
integral on a Lipschitz curve and the double layer operator on a Lipschitz 
domain. 

However, recently some interesting operators were found to be out of this 
class. That is they are strong type (2, 2) but the other properties fail. Some 
reasons are 

1. their kernel does not possess regularity properties such as the Hormander 
condition 

2. they do not possess a kernel in any reasonable sense (but the distribu- 
tion sense) 

3. they are found to be strong type (p, p) for a range of values of p different 
from l<p<2or2<p<ooor their unions 

4. duality does not apply 

It is natural to ask the following question: is there a general machin- 
ery to handle the L p theory of such operators? 

The answer is yes. It turns out that the cases p < 2 and p > 2 are treated 
by different methods, which is useful when duality is not available. 

Let us come now to statements. For simplicity, we work in the framework 
of IR n equipped with the Lebesgue measure, although the original results are 
presented in spaces of homogeneous types. 

We denote as above by B(x,r) the open (Euclidean) ball of radius r > 
and center x G M™, and set \E\ the measure of a set E. 

19 This is due to Calderon & Zygmund |CZ| and Hormander |Hol Theorem 2.1] in the 
convolution case and is extended to non convolution operators in |C W| ■ 

20 This is attributed to Peetre-Spanne-Stein (see |St2| . p. 191) 

21 This result is due to Stampacchia Sta . 
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Here is some further notation used throughout the paper. For a ball B, 
we let XB be the ball with same center and radius A times that of B. We set 

Ci(B) = AB and Cj(B) = 2 j+1 B \ 2 j B, if j > 2. 

We adopt the similar notation, XQ and Cj(Q), for any cube Q with sides 
parallel to the axes. 

Denote by M the Hardy-Littlewood maximal operator 

M/(x) = sup^- f \f\, 
B3x \rS\ Jb 

where B ranges over all open balls (or cubes) containing x. 

Theorem 2.1. 22 Let po e [1,2). Suppose that T is sublinear operator of 
strong type (2, 2), and let A r , r > 0, be a family of linear operators acting on 
L 2 . Assume for j > 2 

and for j > 1 




for all ball B with r(B) the radius of B and all f supported in B. If S = 
^2g(j)2 n i < oo, then T is of weak type (po,Po), with a bound depending only 
on the strong type (2, 2) bound of T, p Q and E, hence bounded on L p for 
p < p < 2. 

22 This is due to Blunck & Kunstmann |BK1I Theorem 1.1] generalizing earlier work of 
Duong & MTntosh |DMcl Theorem 1] who obtained weak type (1, 1) under a weakened 
Hormander condition, still assuming reasonable pointwise estimates for kernels but no 
regularity in the classical sense. The statement and proof here simplify that of [BK1 . 
Note that when po = 1 the assumptions are slightly different than those in |DMc| . One 
can find in Fefferman jFefj weak type results for values of p not equal to one but no general 
statement is made. 
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Theorem 2.2. 23 Let p G (2, oo]. Suppose that T is sublinear operator 
acting on L 2 , and let A r , r > 0, be a family of linear operators acting on L 2 . 
Assume 

1 /2 

(2-3) ( J b \T(I - A r[B) )f\ 2 ^j < C{M(\f\ 2 )) 1/2 (y), 

and 

(2-4) {w\J B lTAr{B)flP °) 1/m ~ C W T f\ 2 )) 112 ^ 

for all f G L 2 , all ball B and all y G B where r(B) is the radius of B. If 
2 < p < po and Tf G LP when f G IP then T is strong type (p,p). More 
precisely, for all f G LP fl L 2 , 

\\Tft\v < 4f\\ P 
where c depends only on n, p and po and C . 

Remarks. 1. The operators A r play the role of approximate identities (as 
r — > 0) eventhough A r (l) = 1 is not assumed. The boundedness of A r 
on L 2 is a consequence of linearity but the L 2 bounds are not explicitely 
needed. In applications, the L 2 bounds are uniform in r and used to 
check the hypotheses. The improvement in the exponents from p Q to 2 
in (|2.2|) and from 2 to po in (J2.4|) expresses the regularizing effect of A r . 
When p = oo, the left hand side of (|2.4|) is understood as the essential 
supremum on B. 

2. Possible weakening of Theorem 12.11 is as follows: the exponent 2 in 
(12. lj) can be changed to 1 and the exponent 2 in (J2.2)) can be changed 
to p > p . 

23 This is due to the author, Coulhon, Duong & Hofmann |ACD H Theorem 2.1] using 
ideas of Martell in Ma who developed a variant of the sharp function theory of Fefferman- 
Stein jFSj in the spirit of [£>Mc , again assuming there are reasonable pointwise estimates 
for kernels but no regularity in the classical sense. The proof here simplifies the exposition 
in |ACDH| . Shen independently proved a boundedness result similar in spirit by analogous 
methods jShl Theorem 3.1] which he attributes to Caffarelli and Peral jCPj . In fact, it is 
easy to recover Shen's theorem as a consequence of this one. 
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3. As we shall see, Theorem 12 . 21 has little to do with operators but rather 
with decomposition of functions in the spirit of Fefferman-Stein's argu- 
ment for the sharp function and, in fact, it is an extension of it. This 
is why the regularised version TA r of T is controlled by the maximal 
function of \Tf\ 2 , which may be surprising at first sight. 

4. Define, for / G L 2 , 

1 /2 

M*J{x) = sup f-rL [ \T(I - A r{B) )fA , 

where the supremum is taken over all balls B in R™ containing x, and 
r(B) is the radius of B. The assumption is that M.* A f is controlled 
pointwise by (M(|/| 2 )) 1//2 . In fact, rather than the exact form of the 
control what matters is that Ai^ A is strong type (p,p) for the desired 
values of p. 

5. The family (A r ) indexed by positive r could be replaced by a family 
(Ab) indexed by balls. Then A r (B) is replaced by Ab in the statements. 
An example of such a family is given by mean values operators Ab] = 

Jb\ Ib /• 

6. Note that in Theorem 12.21 T acts on L 2 but its boundedness is not 
needed in the proof. However, it is used in applications to check (|2.4|) 
and ()2.3|) . Note also that T already acts on LP and the purpose of 
the statement is to bound its norm. In concrete situations, this theo- 
rem is applied to suitable approximations of T, the uniformity of the 
bounds allowing a limiting argument to deduce LP boundedness. So an 
argument to conclude for generic LP functions is not needed here. 

7. Both theorems are valid in the vector- valued context, that is when / is 
valued in a Banach space Bi and Tf is valued in another Banach space 
B 2 . We leave to the reader the care of checking details. We apply this 
for square function estimates in Section [7| 

Proof of Theorem I2.lt It begins with the classical Calderon-Zygmund 
decomposition which we recall. 24 



24 



Many good references for this tool. One is |Stl) . 
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Lemma 2.3. Let n > 1, 1 < p < oo and ||/|| p < oo. Let a > 0. Then, one 
can find a collection of cubes (Qi), functions g and bi such that 



(2.5) 



and i/ie following properties hold: 

(2.6) |MU<Ca, 



(2.7) 



suppfoj C and / \b,i\ v < Ca p \Q 



(2.8) 



V)l<?<l <c a - p [ 

J Mr 



(2.9) 



where C and N depends only on dimension and p. 

Let / G L Po fl L 2 . We have to prove that for any a > 0, 

xeW l ;\Tf(x)\>a) < SL [ |/|». 

Write / = g'+X^i &t by the Calderon-Zygmund decomposition at height a > 0. 
The construction of this decomposition implies that g G L 2 with J |g| 2 < 
C , a 2 ~ po J \f\ po . Then Tg G L 2 with ||T , < g r ||2 < CHflih by the assumption in 
Theorem O This with (JUBJ) yield 



x G M n ; |Ta(x)| > 



< 



c 



\g?< 



c 



IPO 



To handle the remaining term, introduce for r > the operator B r — I — A r 
and let r* be the radius of Qi. Since 
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it is enough to estimate A = \{x G M. n ; ^2 \TB n bi(x)\ > and B = \{x G 

Rn ; \ T (J2i A nbi)(x)\ > a/3}\. Let us bound the first term. First, 



jx G W l \ \TB u bi(x)\ > f } 



and by 1)2. 8|) . | Uj 4Qi| < / \f\ Po - To handle the other term, we observe 



that by Tchebytchev inequality, 



< 



c 



E ft - 



with hi = l(4Q i )c|T5 ri 6j|. To estimate the L 2 norm, we dualize against u G L 2 
with \\uW2 = 1. Write 



it 



i i j=2 



where 



.4; 



\TB r .bi\\u\. 



Cj{Qi) 



By d2DJ and (|27jl . 



|6< 



l/po 



for some appropriate constant C Now remark that for any y e Qi and any 
J>2, 



1/2 



< 



2-< H 



1/2 



u\ 2 \ <\2^Q^ 2 (M(\u\ 2 )(y)) 



1/2 



Applying Holder inequality, one obtains 

A lJ <Ca2^g(j)\Q l \(M(\u\ 2 )(y)) 1/2 . 
Averaging over Qi yields 

A ij <Ca2^g(j) [ (M(\u\ 2 )(y)) 1/2 dy. 
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Summing over j > 2 and i, we have 

J \u\J2hi<Ca J J2lQM{M(\u\ 2 )(y)) 1/2 dy 



< CNa 



(M(\u\ 2 )(y)) 1/2 dy 



UiQi 



< C'Na\ U, Qi 



1/2 ,, , 1 2 II 1/2 



\u 



In the next to last inequality, we used (|2.9|) , and in the last inequality, we used 
Kolmogorov's lemma and the weak type (1, 1) of the maximal function. 25 
Hence from (12. 8 j) 

„ C"N 
A < 



a P0 



l/P 



It remains to estimate the term B. To this end, we use that T is bounded 
on L 2 to obtain 

To estimate the L 2 norm, we dualize against u € L 2 with ||w||2 = 1 and write 

oo 



where 



Using (J22I) and lj377) . 



\u\ 



B, 



i j=l 



\Ar.bi\\u\. 



Cj(Qi) 



\A r ML^) < \2 j+1 Qi\ 1/2 g(j) 



\Qi 



a 



Vpo 



for j > 1. From here, we may argue as before and conclude that B is bounded 
by ^ J\f \ P0 as desired. □ 
Remark. As the reader can see, there is absolutely no use of mean value 
properties of the b^s. 



25 



This idea is borrowed from Hofmann & Martcll HM . 
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Proof of Theorem 12.21 We begin with a useful localisation lemma. 

Lemma 2.4. There is K$ depending only on dimension such that the follow- 
ing holds. For every f £ L\ oc and every cube Q and every A > for which 
there exists x £ AQ for which Mf(x) < X, then for every K > K , 

{ XQ Mf > KX} c {M(fxs Q ) > |-A} 

Proof: We use that M is comparable to the centered maximal function M c : 
there is K depending only on the doubling constant such that M < K Q M C . 

Let x £ Q with Mf(x) > KX. Then M c f(x) > Hence, there is a 

cube centered at x with radius r such that 



\Q(x,r) 



^ i/i>#a. 



If > 1, x ^ Q(x, r) since Mf(x) < A. The conditions x £ Q, x £ 4Q and 
x ^ Ql^; 71 ) imply Q(x,r) C 8Q. Hence, 



^ A < / I/XboI < M(f X s Q )(x). 

IQ(x,r) 



K \Q(x,r) 



□ 

We continue with a two parameters family of good lambda inequalities. 

Proposition 2.5. Fix 1 < q < oo and a > 1. Then, there exist C = 
C(q,n,a) and K' Q = K' (n,a) with the following property: If F,G are non- 
negative measurable functions such that for every cube Q there exist non 
negative functions Gq, Hq with 

F <G Q + Hq a.e. on Q, 

If \ 1/q 
— H Q q < aMF(x) ior all x £ Q 

\Q\ Jq J 



Gq < G(x) ior all x £ Q. 



1 

W\ 

Then for all A > 0, for all K > K' and 7 < 1, 

\{MF >KX,G< 7 A}| <c(± + £\ \{MF > X}\. 

If q = 00, we understand the average in L q as an essential supremum. In 
this case, 4j = 0. 



19 



Proof: Let E x = {MF > A}. We assume this is a proper subset in M n 
otherwise there is nothing to prove. Since E x is open, the Whitney de- 
composition yields a family of non overlapping dyadic cubes Qi such that 
E\ = UiQi and AQi contains at least one point xi outside E\, that is 

MF{xl) < A. 

Let B x = {MF > K\,G< 7A}. If K > 1 then B x C E x , hence 

\B X \ <^2\B x nQi\. 

i 

Fix i. If B x r\Qi = 0, we have nothing to do. If not, there is a point yl E Qi 
such that 

cm < 7 a. 

By the localisation lemma applied to F on Qj, if > A^, then 

\B X n Qil < \{MF > K\} n Qi| < |{M(F X8Qi ) > ^A}|. 
Now use F < Gi + Hi with Gj = G 8 q 1 and iJj = H 8 q. to deduce 
|{M(F X8Qi ) > ^A}| < |{M(G iX80i ) > -^-A}| + \{M(H iX8Qi ) > -^A}|. 

A 2A 2A 

Now by using the weak type (1,1) and (q, q) of the maximal operator with 
respective constant c\ and c q , we have 



and, if q < 00 



l{MWxsft)> _|_ A}|£ (^)'/ , ? 



< (^^) , |8Q.|(«A/F(i-))« 
<(^)W- 
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Hence, summing over i yields 



If q = oo, then 

||M(^X8qJ||oo < II^XsqJU < aMF{xl) < aX, 



so that, choosing K > 2K a leads us to {M{H i xs,Q i ) > .^A} = 

□ 

Let us now assume that F, G are so that the conclusion of the proposition 
holds. Let < p < q. Then, we have 



a q -7 \ K p 
\MF\\p < CRP [ — + -L \\MF\\p + —\\G\\ p p . 



Hence, if furthermore ||MF|| p < 00, since p < q, one can choose if large 
enough and 7 small enough so that 

CRP (^L + l)<l- 2- p . 
yKv K) 

This choice depends therefore on p, q, n, a and we have 

\\MF\\l<^\\G\\l. 

Let us now prove Theorem 12.21 Let / G L 2 fl FP . We let q = y and 
set F = |T/| 2 G L p / 2 . By sublinearity of T, we have for any cube Q that 
F<G Q + H Q with G Q = 2|T(J - A r(Q) )f\ 2 and £Tq = 2\TA r(Q) f\ 2 . Hence 
the hypotheses of the proposition apply with a = 2C 2 and G = 2C 2 M(f 2 ). 
Let 2 < p < p . Since we know that MF G L v l 2 from the hypothesis, we 
obtain 

l|T/li;< \WF\\ vl2 <C\\G\\ vl2 <C\\jf v . 

In the last inequality, we have used the assumption on T(I — A r ). □ 

Remark. With q = 00 and given F, we let Gq = \F—i71qF\ and Hq = \m,QF\, 
a = 1 and G = M#F, the sharp function of Fefferman-Stein. We obtain if 
< p < 00 and ||MF|| P < 00 that 

||MF|| P < C P \\M#F\\ P , 
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hence this argument contains in particular Fefferman-Stein's. To recover 
the sharp function introduced by Martell, we take Gq — \F — A r ^F\ and 
Hq = \A r (Q)F\ and, as proved Martell, supq Bx Hq < aMF(x) under kernel 
upper bounds on A r . 



3 Basic L 2 theory for elliptic operators 
3.1 Definition 

Let A = A(x) be an n x n matrix of complex, L°° coefficients, defined on M n , 
and satisfying the ellipticity (or "accretivity" ) condition 

(3.1) A|£| 2 < Re A£ • £ and \A£ • CI < A|£||C|, 

for (,( e C and for some A, A such that < A < A < oo. We define a 
second order divergence form operator 

(3.2) L/=-div(AV/), 

which we first interpret in the sense of maximal accretive operators via a 
sesquilinear form. That is, T>(L) is the largest subspace contained in W 1 ' 2 
for which 

<C\\g\\ 2 



AVf ■ Vg 
for all g G W 1 ' 2 and we set Lf by 



(Lf,g)= [ AVf-Vg 



for / G T>(L) and g G W 1,2 . Thus defined, L is maximal- accretive operator 
on L 2 and V(L) is dense in W 1,2 . 26 

Since W 1,2 is dense in its homogeneous version W 1 ' 2 (for the semi-norm 
|| V/ 1| 2), L extends to a bounded operator invertible operator from W 1 ' 2 into 
its dual space W' 1 ' 2 , which justifies the divergence notation in ()H.2j) . In 
particular, one has 

(3.3) IIVL-Miv/H^cll/Ih. 



For precise definitions, details and proofs, see Kato's book |K2I Chapter VI]. 
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3.2 Holomorphic functional calculus on L 2 

Let L be as above. There exists uj G [0, |) depending only on the ellipticity 
constants such that for all / G T>(L), 

(3.4) |arg(L/,/)|<a;. 

We fix the smallest such uj and the following L 2 estimate is easily proved: for 
all n G (u, 7r) and all complex numbers A G S^-^, 



||(L + A) _1 /l|2 < 



IAI 



where we have set S M = {z G C*; | argz | < /i}. 27 Hence, L is of type a> on 
L 2 . Several consequences follow. 

In particular, — L generates a semigroup {e~ tL )t>o which has an analytic 
extension to a complex semigroup (e~ xL ) z ^ v of contractions on L 2 . 

Since L is also maximal-accretive operator, it has a bounded holomor- 
phic functional calculus on L 2 . In particular, for any // G (a;, 7r) and any 
holomorphic and bounded in S M , the operator <p(L) is bounded on L 2 with 
the estimate 

ll^)/l| 2 < c|M|c 



the constant c depending only on uj and If (p satisfies the technical condi- 
tion 



(3-5) KC)l<c|C| s (l + |CI) 



-2s 



for all ( G X M for some positive constants c, s, then y?(L) can be computed 
using the semigroup. Let u<8<u<[jl<%. One has 



(3.6) <p(L)= / e-' L T}+(z) dz + / e^V^jiiz 

where is the half-ray M. + e ±% ^~ e \ 

(3.7) »7 ± (z) = J e^(()d(, zeT ± , 



27 



See, for example, |ATI Preliminary Chapter] for a proof. 
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with 7-t- being the half-ray M + e ± " / (the orientation on paths is irrelevant in 
the arguments where this representation is used so we do not insist on that). 
For general bounded holomorphic functions, (fi(L) is defined by a limiting 
procedure which we do not need in this work. 

Finally, one can define unbounded operators f(L) for (p holomorphic in 
E M , lj < /i < 7T, satisfying 

(3-8) KC)| <csup(|C|MCr s ') 

for some c, s, s' > 0. This includes fractional powers of L. We call ^(E^) the 
class of such holomorphic functions. 28 

3.3 L? off-diagonal estimates 

A very important ingredient in this paper is the off-diagonal estimates of 
Gaffney type. They are crucial to our analysis because when dealing with 
complex operators, we do not have at our disposal contractivity of the semi- 
group on all LP spaces, and in fact this is false in general. 

Definition. Let T = (T t )t>o be a family of operators. We say that T satisfies 
L 2 off-diagonal estimates if for some constants C > and a > for all closed 
sets E and F, all h G L 2 with support in E and all t > we have 

cd(E,F) 2 

(3.9) \\T t h\\ L 2 {F) <Ce — \\h\\ 2 . 

Here, and subsequently, d(E, F) denotes the semi-distance induced on sets 
by the Euclidean distance. 

In case T = (T t )t>o is replaced by a family T = (T 2 ) 26 s M defined on a 
complex sector E M with < fi < |, then we adopt the same definition and 
replacing t by \z\ in the right hand side of the inequality. In this case, the 
constants C and a may depend on the angle \i. 

Proposition 3.1. For all /i G (0, |— to), the families (e~ zi ) 2gSfi; (2;Le _zL ) 2e s M 
and (-\/~z Ve _2L ) 2g £ M satisfies L 2 off-diagonal estimates. 

Proof. We begin with the case of real times t > 0. Let (p be a Lipschitz 
function on with Lipschitz norm 1 and p > 0. We may define L p = 
e p(p Le~ pip by the form method. This operator is of second order type with 

28 For definitions, we refer to |Mc| and jCDMcYj . 
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same principal term as L and lower order terms with bounded coefficients. 
More precisely, let Q p be the associated form. Then it is bounded on W 1 ' 2 
and one can find c depending only on dimension and the ellipticity constants 
of L (not on (p) such that 

®Q P (f)>^\\Vf\\ 2 2 -cp 2 \\f\\l, few 1 ' 2 . 

The construction guarantees that L p +cp 2 is maximal-accretive on L 2 . Hence, 
the semigroup (e~ tLp ) t >o exists on L 2 and its analyticity gives us: 

\\e- tL "fh + Wtj^fh + \\VtVe- tL 'f\\ 2 < Ce cp2t \\f\\ 2 

for all t > where C depends on the ellipticity constants of L and dimension 
only. Let E and F be two closed sets and / € L 2 , with compact support 
contained in E. Choose p(x) = d(x,E). Then, 

(3.10) e~ tL f = e-^e~ tL »f. 

Hence, for all t > 0, all p > 

We-^fWmF^Ce^^e^Wfh. 

Optimizing with respect to p > yields 

||e- t£ /|U 2(i ,)<Ce-T||/|| 2 . 
Next, differentiating ([3.10)1 . one has 

at at 

and the same argument applies. Eventually, applying the gradient operator 
to (jSHI yields 

Ve- tL f = -p{e- pLp e- tLp f){V V ) + e^Ve - * 1 '/. 

Hence, 

llVe-^llw < Cpe-^\\f\\ 2 + Ct^e-^e^ 
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and choosing p = ( ' ; yields 

II Ve-Vl| iW <^(l + ^)e-^ H/ll, 

A density argument (since / was supposed with compact support in E) con- 
cludes the proof for real times. To go to complex times, we notice that this 
applies to e ia L, which is an operator in the same class as L (with coeffi- 
cients e ia A(x)) as long as \a\ < | — uj. Hence, the above estimates apply 
and the constants remain uniform when a is contained in a compact subset 
of (— ~ + u, ~ — uj). Finally, the desired estimates follow easily from the 
observation that e~ zL = e~ t(eML ) when z = te ta . □ 



3.4 Square root 

As L is a maximal-accretive operator, it has a square root, which we denote 
by L 1 / 2 , defined as the unique maximal- accretive operator such that 

L l/2 L l/2 = L 

as unbounded operators. 29 Many formulas can be used to compute L 1 / 2 . 
The one we are going to use is 

f°° rlt 

jL l/2 / = 7r -l/2 / e ~tL Lf M 

Jo yt 

This equality is valid as a Bochner integral when / e T^{L) and as the limit 
in L 2 of the truncated Bochner integrals J £ ... as e J. and R j oo when 
/ G T>(L 1 / 2 ). Also, this construction implies that T>(L) is dense in V^L 1 / 2 ). 

The determination of the domain of the square root of L has become 
known as the Kato square root problem and it is now a theorem in all di- 
mensions, as recalled in the Introduction, that T>(L l l 2 ) = W 1 ' 2 with 

(3.H) ||^ 1/2 /l|2~||V/|| 2 

for all / G T>(L), hence by density in W 1 ' 2 . In particular, L 1 ^ 2 extends to an 
isomorphism from W 1,2 to L 2 and the formula 

9 = WL-Wg 

29 For an explicit construction, we refer the reader to Kato's book |K2I p. 281] or to 
Meyer and Coifman's book jMeCol Chapter XIV]. 
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extends to all L 2 functions g. 

This implies the following representation formula 

Lemma 3.2. Iff,h<= W 1 ' 2 then 

((L*) 1/2 f,L 1 / 2 h)= [ Vf-AVh. 
Jm.™ 

Proof. Since /, h G W 1 ' 2 , (L*) 1 / 2 f, L^ 2 h 6 L 2 . Hence both sides of the 
equality are well-defined. It suffices to obtain the equality if, in addition, 
h E V(L), as V(L) is dense in W 1 ' 2 . 

In this case, L x l 2 h belongs to the domain of L 1//2 , so ((L*) 1 ^ 2 /, L x l 2 h) = 
(f, Lh) and the latter is equal to L n V/ • AVh by construction of L. □ 

3.5 The conservation property 

For real operators, the semigroup is contracting on L°° and the conservation 
property e~ tL l = 1 is a classical consequence of the probabilistic interpreta- 
tion of the semigroup or of the maximum principle for parabolic equations. 
But for complex operators, the semigroup may not act from L°° into L°° (see 
the section on LP theory for the semigroup). Yet, thanks to L 2 off-diagonal 
estimates, the action of the semigroup on L°° can be defined in the L 2 oc sense 
and the conservation property still holds in this sense: 30 

(3.12) e~ tL l = 1, t > 0. 

The first step is to show that e~ tL maps L 2 functions with compact sup- 
ports in L l . Fix t > and <fi 6 L 2 supported in a cube Q. Cover M. n with a 
family of nonoverlapping cubes (Qk) of constant size with Qo D 2Q. Using 
the L 2 off-diagonal estimates, 

(3.13) / le-^KlQ^e-'^Uh 

so that summing in k gives us the result. 

30 This is proved under L 1 — L°° off diagonal estimates of the semigroup in |AT| (Chapter 
I, Proposition 25) and is a consequence of Corollary 4.6 in |ABBO| under the weaker L°°- 
boundedness. It is mentioned in all generality but without proof in AHLMcT , p. 638. 
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Applying the first step to L* means that one can define e tL l in Lf oc by 

f e ~ tL l^= [ ^F*^0 

for all m L 2 with compact support. 

Next, let X be a smooth function with X(x) = 1 if |x| < 1 and = 
if |x| > 2. Let ^(x) = X(x/R) for i? > 0. If is an L 2 compactly supported 
function, then for R > and t > 

(3.14) l e ~ tL 10= [ X R ^4>+ [ {1-X R )7 Z ^4>. 

JR n JM n JR n 

We use this representation twice, first to show that the left hand side does 
not depend on t > and, second, to find L n as its value. This, indeed, 
shows that e~ tL l = 1 in the sense of L 2 oc . 

Let us begin with differentiating ()3.14j) with respect to t. Indeed, the first 
step applies also to ^-e^ tL * by the L 2 off-diagonal estimates and this allows 
us to use the Lebesgue differentiation theorem to see that 

^ [ e~ tL l4>= [ X R ±e-^d>+ [ 

Ot Jl» ,/R™ OX Jfljn Ot 

Fix t > and let R — > oo. By Lebesgue dominated convergence, the latter 
integral tends to 0. Now, since VX R e L 2 and ^e~* L *0 E V(L*), we have 
that 

JR n OX J Rn 

Again, using the L 2 off-diagonal estimates for Ve~' L * and arguing as for 
()3.13|) . this integral is bounded by CR n ^ 2 ~ 1 e~ cR ^||0||2 for R large enough so 
that it tends to 0. This shows that the left hand side of ()3.14|) is independent 
of t > 0. In the right hand side, choose and fix R large enough so that the 
supports of and (1 — X R ) are far apart. It follows from (|3.13|) that L n (l — 
X R ) e~ tL * <p tends to with t by dominated convergence. Eventually, since 
e~ tL * is a strongly continuous in L 2 at t = 0, we obtain that L n X R e~ tL *<p 
tends to J Rn X R (f> = J Rn as t tends to 0. This proves (j3.12|) . 



28 



4 LP theory for the semigroup 



This section is devoted to establishing the basic properties concerning uni- 
form boundedness of the semigroup (e~ tL ) t> o and of the family (y/i Ve _li ) f> o 
on L p spaces. 

4.1 Hypercontractivity and uniform boundedness 

The point of this section is to present a general statement allowing to pass 
from hypercontractivity properties for the semigroup to uniform boundedness 
properties. The bridge between both are off-diagonal estimates. 31 
We introduce a few definitions. 

Definition. Let T = (T t ) t>0 be a family of uniformly bounded operators on 
L 2 . We say that T is L p — L q bounded for some p, q G [1, oo] with p < q if 
for some constant C, for all t > and all h G L p (1 L 2 

(4.1) \\T t h\\ q < Ct-^/ 2 \\h\\ p . 

We say that T satisfies L p — L q off-diagonal estimates for some p,q G [1, oo] 
with p < q if if for some constants C, c > 0, for all closed sets E and F, all 
h G LP PI L 2 with support in and all t > we have 

(4.2) \\Tth\W{F) < Cr^ 2 e- Cj ^\\h\\ p . 

Recall that the numbers r ) vq are defined in the notation section. Such 
estimates depend on dimension and on the "parabolic" character of the family 
through this number. If p = q we speak of LP boundedness and LP off- 
diagonal estimates. Remark that these notions dualize. A family (T t ) t>0 is 
L p — L q bounded (resp. satisfies L p — L q off-diagonal estimates if and only 
if the dual family ((T t )*) t>0 is L q — LP bounded (resp. satisfies L q — LP 
off-diagonal estimates). 

Let us also state a useful result whose easy proof is skipped. 



31 This tool was introduced for that purpose by Davies |Daj . See jLSVj for further 
historical comments. This notion turns out to be equivalent to some L p — L q boundedness 
for perturbed semigroups by exponential weights (See |LS Vp . We do not need to go into 
this here. 
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Proposition 4.1. If (T t ) t>0 satisfies L p — L q boundedness (resp. off-diagonal 
estimates) and (S t )t>o satisfies L q — U boundedness (resp. off-diagonal esti- 
mates) then (StT t )t>o satisfies LP — LP boundedness (resp. off-diagonal esti- 
mates). 

For a semigroup, the terminology hypercontractivity is often used for 
L p — L q boundedness for some p < q. The relation between hypercontractiv- 
ity, boundedness and off-diagonal estimates is the following result. 

Proposition 4.2. Let p G [1, 2) and n > 1. Let S = (e~* L ) i>0 . 

1. Lf S is L p bounded then it is LP — L 2 bounded. 

2. Lf S is LP — L 2 bounded, then for all q G (p, 2) it satisfies L q — L? 
off-diagonal estimates. 

3. Lf S satisfies L p — L? off-diagonal estimates then it is LP bounded. 

Remark. The result applies when 2 < p < oo by duality: replace LP — L? by 
L? — LP everywhere. We have privileged the central role of L 2 for reasons of 
simplicity and usefulness. L? could be replaced by L q for q larger than 2 if 
necessary. It occurs in Section 1531 

Proof. The proof of item 1 is obtained from Nash type inequalities. 32 We 
start from the Gagliardo-Nirenberg inequality 

\\f\\t<C\\Vf\\l a \\f\\f 

with 

a + (3 — 1 and (1 + 7 p )a = j p . 
This yields the Nash inequality 

\\e- tL f\\l < C\\Ve- tL f\\i a \\ e - tL f\\f 
for all £ > and / G L 2 fl L p . By ellipticity, one has 

||Ve-^/|| 2 < A^K / AVe~ tL f-Ve^- = -(2\y l Ue- tL f\\l 

J MP u>t 

32 The proof follows that of VSC, Theorem II.3.2] done for p = 1. 
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Assume f <E L 2 HL P with ||/|| p = 1. Using LP boundedness of the semigroup 
in the Nash inequality, one obtains the differential inequality 



where <p(t) = \\e * L /||2- Integrating between t and It and using that if is 
nonincreasing, one finds easily that 



which is the desired estimate. 

The proof of item 2 consists in interpolating by the Riesz-Thorin theorem 
the L p — L 2 boundedness assumption with the L 2 off-diagonal estimates, once 
we fix the sets E and F in the definition of the off-diagonal estimates. 

The proof of item 3 can be seen by invoking the following simple lemma 
which has nothing to do with semigroups. 

Lemma 4.3. 33 Ifl<p<q<oo and T is a linear operator which satisfies 
L p — L q off-diagonal estimates in the form \\Tf\\ Lq ( F ) < g(d(E, F))\\f\\ LP ( E ) 
whenever E, F are closed cubes and f is supported in E and g is some func- 
tion. Then T is bounded on LP with norm bounded by s >9 J2k& n #( SU P(I&I — 
1, 0)s) for any s > provided this sum is finite. 

Proof. We may assume p < q < oo. Let {Qk)k& n be a partition of W 1 by 
cubes having sidelength s and X% be the indicator function of Qg. Then 



V (tf a < -C V '(t) 



<p{t) <cr— = 



\\TS\\\ 



E E T (/^) 



k t 



LHQk) 




This result is implicit in the proof of jDal Theorem 25] . 
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where we used that the discrete convolution with an i 1 sequence is bounded 
on £9. □ 



We come back to the proof of the proposition. It suffices to apply this 
lemma to T = e~ tL from LP to L 2 with g(u) = ct _7p//2 e~ CM '* and choose 
s = t 1 / 2 . This yields LP boundedness of S. □ 

Remark. For the same p, L p — L 2 off-diagonal estimates ==> L p boundedness 
=>- L p — L 2 boundedness for the semigroup S. We do not know the status 
of the converses for this class of semigroups. It would be of great interest 
when p = 1 . 



4.2 W ,p elliptic estimates and hypercontractivity 

In this section, we show how to obtain hypercontractivity properties using 
W l,p elliptic estimates. We proceed independently of dimension although 
specific arguments for dimensions 1 and 2 yield much better results. 

Lemma 4.4. 34 There is an r G [1,2) depending on dimension and the 
ellipticity constants only, such that I + L extends to a bounded and invertible 
operator from W 1,p onto W~ 1,p for [ ^ — — | < || — £|. 35 

Proof. That I + L is bounded from W l,p into W~ l,p for all p with 1 < p < oo 
is obvious. 

Let A denote the operator of pointwise multiplication with A(x) and \\A\\ 
its norm acting on LP spaces of C n -valued functions (endowing matrices with 
the norm inherited from the Hermitian structure on C n ). This is the same 
number for all 1 < p < oo. By ellipticity, there exists a large constant c such 
that || A — cl\\ < c. Thus, A = c(I + M) where ||M|| < 1. This means that 

L = (7-cA-cdivMV) = J (I - J' 1 divMVJ" 1 ) J, 

where A denotes the ordinary Laplacian and J = c~ l l 2 {I — cA) 1 / 2 . 

Remark that by standard multiplier theorems (or kernel estimates and 
Calderon-Zygmund theory) the array of operators VJ _1 is bounded from L p 

34 In this generality, this is AMcTl Proposition 3.1]. See also [ETP] and Note 
that when n = 1, invertibility holds for 1 < p < oo AMcT, Theorem 2.2]. If n > 2, r may 
be arbitrary close to 2. 

35 There is also the corresponding homogeneous statement for L from W ,p onto W~ l p . 
See Section 1531 
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(of C-valued functions) to LP (of C n -valued functions) for 1 < p < oo (p = 1 
and p = oo included if n = 1). Moreover, a Fourier transform argument 
shows that C2=l if c p denotes the norm on LP . 

Thus R = J^ 1 divMVJ -1 is bounded on LP for 1 < p < oo with norm 
bounded above by ||M||Cp. Since c p is controlled by a convex function, the 
operator norm of R on L p remains less than 1 provided p is close to 2. 
Therefore, one can invert I — R by a converging Neumann series in the 
space bounded operators on LP for p close to 2. Since J is bounded and 
invertible from W s,p onto jy s-1 ' p for s = 0,1 and 1 < p < oo, this proves the 
invertibility of / + L from W l,p onto W~ 1,p for p close to 2. □ 



Corollary 4.5. Lei r* = with r as in Lemma Let p G [1, 2] be such 
that 

p > r*, if r* > 1 
p = 1 if r* < 1. 

27ie semigroup {e~ tL )t>o an d its dual (e~ iL *)t>o ore L p — L 2 bounded and the 
best constant C in 

(4.3) ||e-* L /|| 2 + || e -* L 7l| 2 < Ct->/ 2 ||/|| p , f <E L 2 H L p 

depends only on dimension, ellipticity and p. 

Proof. Assume first that t = 1. By Lemma f4. 41 and the Sobolev embedding 
theorem, in a finite number of steps (1 + L)~ k extends to a bounded map from 
LP into L 2 . Note that k depends only on r, hence ellipticity and dimension. 
Let / G L 2 fl LP . Since / is in L 2 , the equality 

e- L f = e- L (L + L) k (L + L)- k f 

is justified. As e~ L (L + L) k extends to bounded operator on L 2 by analyticity 
of the semigroup on L 2 , we have obtained that ||e~ L /||2 < C||/|| p , with a 
constant C that depends only on ellipticity, dimension and p. 

lit ^ 1, then the afline change of variable in IR n defined by g(x) = /(t 1/,2 x) 
gives us e~ tL f(x) = (e~ Lt g)(t~ 1 ^ 2 x) with L t the second order operator asso- 
ciated with the matrix of coefficients A^^x). Since L t has same ellipticity 
constants as L, the previous bound applies and yields the desired estimate 
in function of t by change of variables. 

The same argument applies to L*. □ 
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Corollary 4.6. 36 If n = 1 or 2, then the semigroup {e~ tL )t>o is LP — L? 
bounded for 1 < p < 2 and L 2 — LP bounded for 2 < p < oo. Hence, it is 
L p -bounded for allp G (1, oo). Ifn>3, there exists e > depending only on 
dimension and the ellipticity constants such that the semigroup (e~ tL ) t >o is 
L p -bounded for allp contained in the interval (p n — e, (p n — e)') for p n = 

Proof. In dimensions n — 1, 2, we have r* < 1. In dimension n > 3, the value 
of r* may or may not be less than 1, but it is less than 2* = It suffices 
to combine Corollary 14.51 and Proposition 14.21 to finish the proof. □ 

We introduce here two critical exponents for L. Let JiL) denote the 
maximal interval of exponents p in [1, oo] for which the semigroup (e~ tL )t>o 
is L p bounded. 37 We write 'mtJ(L) = (p_(L),p + (L)). Note that (p+(L))' = 
p_(L*) and vice versa. One has shown p+(L) = oo and p~(L) = 1 if n = 1,2, 
and p+{L) > an d P-(L) < if n > 3. In specific situations, much 
more can be said. For example, we have from the well-known formula for 
the heat kernel p-(— A) = 1, p+{— A) = oo. From the maximum principle 
for real parabolic equations, one has P-{L) = 1, p+(L) = oo if L has real 
coefficients. 

4.3 Gradient estimates 

Let us consider the possible estimates for Ve" fi . Let N(L) denote the max- 
imal interval (if nonempty) of exponents p in [1, oo] for which the family 
(VtVe- tL ) t>0 is L p bounded. We write mW(L) = (q_(L),q+(L)). A di- 
chotomy between the cases p > 2 and p < 2 appears immediatly. 

Proposition 4.7. Let 1 < p < 2. // (y/i Ve~ tL ) t >o is L p -bounded, then 
(e _iL ) t> o is L q -bounded for p < q < 2. Conversely, if (e~ tL ) t >o is L p -bounded 
then (VtVe~ tL ) t>0 is L q -bounded for p < q < 2. Hence q-(L) =p_(L). 

Proof. Let us see the direct part first. We have nothing to prove if n < 2 
by Corollary 14.61 as the conclusion holds true. If n > 3, by interpolation and 

36 For n = 1, this is in AMcT , Theorem 2.21, for n = 2 in jAMcTj . Theorem 3.5. 
There, L 1 and L°° boundedness and even L 1 — L°° off-diagonal estimates are proved, but 
further arguments such as the so-called Davies' trick are needed. This method, sufficient 
for our needs here, is not powerful enough. For n > 3, this follows from combining the 
works of Davies |Da| for p n < p < (p n )' and the perturbation method in | A'l'j . Chapter I. 

37 In LSV , a systematic study of this interval is made for a class of real elliptic oper- 
ators. The methods heavily rely on real functions. 
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Sobolev embeddings we have that (e~ tL ) t >o is L q —L q * bounded for p < q < 2. 
Let Pk be defined by p = p, Pk+i = (pk)* an d stop whenever % < p k < 2. By 
composition and the semigroup property, we have that {e~ tL )t>o is L p — L Pk 
bounded. By Corollary 14.51 since p k > 2*, (e _<i )oo is L Pk — L 2 bounded. 
By composition again, (e~ tL ) t >o is L p — L 2 bounded. The conclusion follows 
from Proposition 14.21 

For the converse, by Proposition 14.21 (e~ iL ) t>0 is LP — L 2 bounded. Since 
(v^Ve'^joo is L 2 bounded, this self-improves by composition to L p — L 2 
boundedness. Lemma 14.31 applied to T = Ve _ * L yields the conclusion. 

The relation q~{L) = P-{L) follows immediately. □ 

Remark. 1. We see that the semigroup acting on LP self-improves into 
W l,p if p < 2 up to allowing the p's to vary. This is false when p > 2. 

2. Although we do not need such a refinement here, it would be inter- 
esting to know whether the conclusions of LP boundedness hold at the 
endpoint p. The arguments show, nevertheless, that, for the same p, 
LP — L 2 boundedness for (e~ tL ) t> o is equivalent to LP — L 2 bounded- 
ness for (v^ Ve~ tL ) t>0 , and L p — L 2 off-diagonal estimates for (e~* L ) i>0 
implies L p — L 2 off-diagonal estimates for (v^Ve" iL ) t >o. The converse 
of the latter is not clear. 38 

Let us record here the following consequences of the above argument for 
later use. 

Corollary 4.8. Let p E [1,2) and n > 1. Let M = (y/i Ve"* L ) i>0 . 

1. Lf M is L p bounded then it is L p — L 2 bounded. 

2. Lf M is L p — L 2 bounded, then it satisfies L q — L 2 off-diagonal estimates 
for p < q < 2 . 

3. Lf M satisfies L p — L 2 off- diagonal estimates then it is LP bounded. 

Next, let us consider the case p > 2. We have the same statement as the 
corollary but with a different argument. 

Proposition 4.9. Let p £ (2, oo] and n>l. Let Af = (Vi Ve _ii ) t>0 . 

1. Lf M is LP bounded then it is L 2 — LP bounded. 
38 In recent work with J.-M. Martell, we established the converse |AM2 . 
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2. If M is L 2 — LP bounded, then it satisfies L 2 — L q off-diagonal estimates 
for 2 < q < p. 

3. If Af satisfies L 2 — LP off- diagonal estimates then it is IP bounded. 

Proof. Let us prove the first item. Assume that n > 3 and also that p < oo 
If Ve _iL is bounded on LP with bound Ct^ 1 ^ 2 , then the same is true for all 
q G [2,p\. By Sobolev embeddings, for all q G [2,p] with q < n, 

e~ tL : LP -> L q * 

with bound Ct^ 1 ^ 2 . Since we know that e~ tL : L 2 — > L 9 for any g G K with 
2 < 9 < 2* from Corollary 14.51 it follows as in the proof of Proposition 14.71 
that e~ tL maps L 2 to L q for all q G R with 2 < q < p*. Writing Ve~ tL as 
y e -(V 2 )i e -(t/2)L gho-^s that this operator is bounded from L 2 into LP with 
the appropriate norm growth. 

Assume next n > 3 and p = oo. We just need to prove that the semigroup 
is L 2 — L°° bounded and the rest of the argument applies. By Morrey's 
embedding, if n < q < oo and a = 1 — ^, t > and x, y G MP, 

\e~ tL f(x) - e- tL f(y)\ < \\Ve- tL f\\ q \x - y\ a < ||/|| 2 | x _ y |«. 

In the last inequality, we used that jV is L 2 — L 9 bounded as we have just 
proved it. Fix x and average the square of this inequality on a ball B with 
center x and radius r = ^/t to find 

|e iL /(x)| < |5r 1/2 || e - 4L /||L 2 ( B )+rtrM||/|| 2 <r"/ 4 ||/|| 2 

by using the L 2 boundedness of e~ tL . This prove the L 2 — L°° boundedness 
of the semigroup. 

If n < 2, we already know that e~ tL : L 2 — ► L 9 for any g G [2, oo] from 
Corollary 14.51 and the rest of the above argument applies. 

The second item is a consequence of interpolation between the hypothesis 
and the L 2 off-diagonal estimates for Ve~ tL ) t >o- 

For the third item, it is enough to apply Lemma l4~3*l to T = e~ tL * div with 
s = t 1 ! 2 and duality. □ 

Corollary 4.10. q+(L) > 2. 
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Proof. Let p > 2 such that 1 1 — ~ | < 1 1 — £ | where r is given in Lemma 14.41 
Let / G L 2 . After a finite number of steps (depending only on r) (J + L)~ k 
maps L 2 into W 1,p . In particular, since (J + L) k e~ L f G L 2 by analyticity, 

Ve~ L f = V(J + L)- k {I + L) k e~ L f G LP. 

This proves the boundedness of Ve~ L from L 2 into LP . The L 2 — L p bound- 
edness of the family [yft Ve _ ' L ) i> o follows by the rescaling argument of the 
proof of Corollary 14.51 Hence, q+(L) > p. □ 

Corollary 4.11. N(L) is not empty and contains a neighborhood of 2. 

Proof. We have q~(L) = P-{L) < 2 and q+{L) > 2. □ 

More is true in dimension 1. 

Proposition 4.12. If n = 1, we have q+(L) = oo. 

Proof. In dimension 1, the operator L takes the form — ^(«^)- By Propo- 
sition |Ol it suffices to establish that (y/t ^e~ tL )t>o is L 2 — L°° bounded. 39 
Let / G L 2 and t > and set g = \ftaj^e~ tL f. We know that g G L 2 
with norm 0(1), while = -\ftLe~ tL f G L°° with norm 0(t~ 1/2 ). The 
last fact can be seen from writing Le~ tL = e~^^ 2 ^ L Le~^^ 2 ^ L and using that 
(tLe~ tL ) t>0 is L 2 bounded and (e~ tL ) t> o is L 2 — L°° bounded by Corollary 
14.61 This implies that g G L°° with norm 0(t _1//4 ). Indeed, let I be an 
interval of size t 1 / 4 and x,y E I. We have g(x) — g(y) = J* g'(s) ds. Hence, 

\9{ x )\ < \g{v) \ + Ct" 1 ^. Averaging squares over I with respect to y yields 
\glx)\ 2 < Cr 1/2 \\g\\ 2 2 + Cr 1 ' 2 = 0(r 1/2 ). Since / and x are arbitrary, this 
gives us the desired L°° bound on R. □ 

Proposition 4.13. Assume 2 < p < oo and (yi Ve _li )t>o «s LP -bounded. 

1. {e~ tL )t>o is L q -bounded for 2 < q < p* except when p = n for which we 
conclude only for 2 < q < oo. In particular, one has p + (L) > (q + (L))* . 

2. Ifp < oo, (t Ve~* L div) t>0 is L v -bounded. 

39 In fact, this family satisfies the L 1 — L°° off-diagonal estimates, which implies all 
the other boundedness properties. See [ATI I p. 728] where it is mentioned, and [AMcTI 
Theorem 2.211 for details. 
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Proof. The first part has been seen in the proof of Proposition 14.91 For the 
second part, the LP boundedness of (v^"Ve~* L ) t> o implies in particular that 
(e~* L ) t>0 is LP bounded for q in a neighborhood of p, thus, that (e~* L *) t>0 is 
LP bounded for q in a neighborhood of p'. Applying Prop osit ion 14 . 71 shows . in 
particular, that (\/t Ve~* L *) i> o is LP -bounded, hence, that (y/t e~ tL div) t>0 
is //-bounded by duality We conclude by composition. □ 

Remark. If n = 1, combining Corollary 14. 61 Proposition 14. 121 and Proposition 
14.131 one has that the semigroup is bounded from W~ 1,p into W 1,p for 1 < 
p < oo and t > 0. 40 

4.4 Summary 

This section is nothing but a summary of results obtained so far and gathered 
here for the reader's convenience. 

Recall that J[L) denotes the maximal interval of exponents p in [1, oo] 
for which the semigroup {e~ tL )t>o is LP bounded. We write 'mtJ{L) = 
(p-(L),p + (L)). Note that (p + (L))' = and vice versa. One has 

p+(L) = oo and p-(L) — 1 if n — 1, 2 and p+(L) > ^ and P-(L) < ^ if 
// > 3. 

Next, M{L) denotes the maximal interval of exponents p in [1, oo] for 
which the family (\/t Ve~ tL ) t> o is LP bounded. We write intM(L) = (L), q + 
We have q-(L) = 1 and q+{L) = oo if n = 1, q~{L) = 1 if n = 2, q-(L) < ^ 
if n > 3 and q+{L) > 2 if n > 2. In particular, intjV(L) is a neighborhood of 
2. 

The relation between p±(L) and q±{L) are as follows: 

q-(L)=p-(L), 
p + (L) > (q + (L)y. 

4.5 Sharpness issues 

Denote by E the class of all complex elliptic operators under study. 
It is known that if n > 5, there exists L e £ for which p-(L) > 1. 41 

40 More is true, in fact, this holds for the endpoints p — 1 and p = oo and one even has 
L 1 - L°° off-diagonal e stimat es for the family (t-^e~ tL -^)t>a- See [AMcT] . 

41 This is proved in |ACT| . based on counterexamples built in |MNPj . See |AT| for a 
shorter argument due to Davies. 
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It is not known if the inequality p~(L) < (n > 3), or equivalently 
by taking the adjoint p+(L) > is sharp: that is, if given p < there 
exists L e £ for which p_ (L) > p. 

In view of this a natural conjecture is 

Conjecture 4.14. If n > 3 ; the inequality P-(L) < is sharp for the 
class £ . 

It is known that the inequality q+{L) > 2 is sharp in dimensions n > 2: 
for any e > 0, there exists L 6 £ (in fact, L is real and symmetric) such 
that q+(L) < 2 + e. 42 As a consequence, there is no general upper bound of 
p+(L) in terms of q+(L) since p+(L) = oo if n = 2. 

It is not known whether the inequality p+{L) > q + (L)* is best possible 
(n > 3): that is, if given e > 0, one can find L G £ with p+(L) < q + (L)* + £. 

4.6 Analytic extension 

For technical reasons, we often need to apply the above results to the analytic 
extension of the semigroup associated to L. We come to this now. 

The definition 14.11 of L p — L q boundedness and LP — L q off-diagonal esti- 
mates applies to a family T = (T z ) ze ^ defined on a complex sector with 
< /3 < |, replacing t by \z\ in the right hand side of the inequalities (|4.1j) 
and (Q. 

Proposition 14.11 extends right away to such complex families. The state- 
ment of Proposition 14.21 is also true for the analytic extension of the semi- 
group. However, more is true. It suffices to know boundedness of the semi- 
group to obtain all properties for its analytic extension with optimal angles 
of the sectors, that is, the sectors are p-independent. 43 

42 This follows from Meyers' example. See |AT| . 

43 The history of p-independence of sector of holomorphy for 1 < p < oo begins with 
that of p-independence of spectra. Hempel and Voigt |HV| proved that the spectrum is 
p-independent for a large class of Schrodinger operators acting on L p (M. n ). Arendt |Are| 
extended this to elliptic operators on domains of R ra under the assumption that the semi- 
group of the given operator satisfies L 1 — L°° off-diagonal estimates. Ouhabaz realized in 
his PhD thesis (published later in |Ou| ) that the same assumption yields holomorphy of the 
semi-group up to L 1 with optimal angles in the case of a self-adjoint operator on a subset 
of R". Independently, Arendt & ter Elst |AE1 Theorem 5.4], and Hieber |Hi| removed 
the self-adjointness assumption. Finally, Davies Da2; extended Ouhabaz argument to the 
setting of doubling spaces (for non-negative self-adjoint operators) to obtain in a simpler 
manner the result of p-independence of spectrum of Arendt. 
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Recall that J[L) (resp. Af(L)) is the maximal interval of exponents p in 
[l,oo] for which the semigroup (e~ tL ) t>0 (resp. the family (y/t Ve~* L ) t>0 ) is 
LP bounded. 

Proposition 4.15. Let uj be the type of L. Then the semigroup (e~ tL )t>o 
has an analytic extension to on L p for p G intj7"(L). Moreover, for 

p G int J{V) and all (3 G (0, | — uj), the families (e~ zL ) ze -s and (zLe~ zL ) z( zY: l3 
are L p bounded, satisfy LP — L? (resp. L? — LP) off-diagonal estimates and 
are L p — L 2 (resp. L 2 — L p ) bounded if p < 2 (resp. if p > 2). 

Proof. The analyticity is a consequence of Stein's complex interpolation the- 
orem together with holomorphy of the semigroup on L 2 . However, this does 
not yield the best angle for the sector of holomorphy. Here is a better argu- 
ment. 

For a G (— |+c<j, | — uj), set L a = e ia L. It is an operator in the same class 
as L, associated to the matrix of coefficients e ia A(x). Hence, Proposition 14.21 
applies to the semigroup associated to L a . Furthermore, a careful check of 
the proof shows that the various constants are independent of a as long as 
a is restricted to a compact subset of (— | + uj, |- — a;). Let (3 G (0, | — a;). 
If z = te ia G Tip, then e~ zL = e~ tLa and the reasonning above shows that 
the statement of Proposition 14.21 extends to the complex family {e~ zL ) ze Y, l3 . 
Hence, for p G intjT(L), it remains to showing that this family is L p — L 2 
(resp. L 2 — L p ) bounded if p < 2 (resp. if p > 2). 

The case p > 2 can be handled by duality, we restrict attention to p < 2. 
Let z G Tip. Choose @ < (3 1 < | — uj. Elementary geometry shows that one 
can decompose z = ( + t with ( G Tp, t > and \z\ ~ |£| ~ t where the 
implicit constants only depend on (3 and (3' . By assumption and Proposition 
14.21 (e~* L )t>o is L p — L 2 bounded. Since (e~'» L )^ 6 s (3 , is L 2 bounded, writing 
e -zL _ e -(L e -tL^ fliis shows that (e~ zi ) zg E„ is L p — L 2 bounded. □ 

Proposition 4.16. Let uj be the type of L. Then, for p G intA/"(-L) and all 

13 G (0, | — uj), its analytic extension (v / zVe" zi ) z6 i; (S is LP bounded, satisfies 
LP — L 2 (resp. L 2 — LP) off -diagonal estimates and is L p — L 2 (resp. L 2 — L p ) 
bounded if p < 2 (resp. if p > 2). 

It suffices to adapt the above proof. Further details are left to the reader. 

5 L p theory for square roots 

Let L be as the introduction. We study here the following sets: 
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1. the maximal interval of exponents p in (1, oo) for which one has the LP 
boundedness of the Riesz transform VL -1 / 2 , which we call X(L). 

2. the maximal interval of exponents p in (1, oo) for which one has the a 
priori inequality WL 1 / 2 /^ < \\Vf\\ p for / G Cg°, which we call K(L). 

We characterize the limits of 1{L) and obtain bounds on the limits of 
K(L). 

5.1 Riesz transforms on LP 

We prove here the following theorem. 

Theorem 5.1. The interior ofl(L) equals (p-(L),q + (L)). 

Recall that p~{L) is the lower limit of both JiV) and M[L\ and that 
q+{L) is the upper limit of J\f(L). The cases p < 2 and p > 2 are treated by 
different methods. 

5.1.1 The case p < 2 

We introduce the following sets. 

J_(L) =1(L) n (1,2) 
J_(L)=J(L)n [1,2) 

/C_(L) = {1 < p < 2; (e-* L ) t>0 is L p - L 2 bounded} 
Ai-(L) = {1 < p < 2; (e~ iL ) t> o satisfies L p — L 2 off — diagonal estimates} 

It is quite clear from interpolation that these sets are intervals with 2 as 
upper limit, provided they are nonempty. It follows directly from Proposition 
14 .21 that J~-(L), /C_(L) and Ai-(L) have the same interiors (that is, the same 
lower limit). Also, by Corollary 14.51 the interior of J-{L) is not empty. 

Theorem 5.2. 44 All the above sets are intervals with common interiors. 

Let us derive a corollary for results in the range 1 < p < 2. 

44 The fact that off-diagonal estimates implies boundedness of the Riesz transforms is 
proved in jBK2j and this idea is also the main tool in jHMj . The converse was not noticed 
in these works. 
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Proposition 5.3. VL -1 / 2 is bounded on LP for 1 < p < 2 if, and only if, 
(e _<L )t>o is LP — L 2 bounded for 1 < p < 2. In particular, if {e~ tL ) t >o is 
L 1 — L 2 bounded, then VL -1 / 2 is bounded on L p for 1 < p < 2. 

Proof. The equivalence is contained in the theorem above since intX_(L) = 
mt/C_(L). Next, if (e _ * L ) t>0 is L 1 — L 2 bounded, then by interpolation it is 
also LP — L 2 bounded for 1 < p < 2 □ 

Remark. Usually, the LP boundedness of the Riesz transform for 1 < p < 2 is 
obtained under the stronger assumption that the semigroup kernel has good 
pointwise upper bounds. 45 

Let us prove Theorem 15.21 According to the above remark, the following 
steps suffice to prove this result: 

Step 1. p E L-(L) implies p E /C_(L). 

Step 2. p E M-(L) and p < p < 2 imply p E L-(L). 

Step 1. p E L-(L) implies p E /C_(L). First the conclusion is true if 
n < 2 from Corollary 14.61 We assume, therefore, that n > 3. 

Let p E X_{L). If p > 2* = we already know that (e~ tL ) t> o is 
L p — L 2 . Assume now that p < 2*. Remark that any q E [p, 2] belongs to 
X_(L). By Sobolev embedding's, we see that L -1 / 2 : L q — > L q * . Let p = p 
and pk = (pk-i)* and stop when k is the largest integer that satisfies pu < 2. 
We have that L~ k l 2 is bounded from L p into L Pk . Write for / E L 2 fl L p , 

e - tL f = ( e -(*/2)L L k/2y-(t/2)L j-k/2 ^ 

the equality being justified by the fact that / E L 2 . We successively have 
that g = L~ k/2 f E L Pk , then h = e~ ( * /2)L g E L 2 by Corollary l4"31 since 
Pk > ^2-, and e~^/ 2S)L L k / 2 h E L 2 by the bounded holomorphic calculus of L 
on L 2 . Hence, e~ tL is bounded from LP into L 2 by density and we obtain the 
right bound for its operator norm by keeping track of the bounds from each 
step. 

45 In [ATI Chapter IV], this is obtained via an Ti 1 estimate under L 1 — L°° off diagonal 
estimates plus Holder regularity on the heat kernel. The regularity was removed in [pMcl 
to obtain weak type (1,1). In |CD| . the use of weighted L 2 estimates similar to the L 1 — L 2 
boundedness was stressed in the context of the Riesz transform for the Laplace-Beltrami 
on Riemannian manifolds. 
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Step 2. p G M-(L) and p < p < 2 imply p G We apply 

Theorem 12.11 to the operator T = VL~ l l 2 to obtain weak type (po,Po)- We 
first introduce the operators A r = I — (I — e~ r L ) m where m is some integer 
to be specified later. 

Observe that A r = ^k=\ c ^ e ~ kr L f° r some numbers Cfc. A direct conse- 
quence of the assumption that L satisfies L Po — L 2 off-diagonal estimates is 
that if B is any ball, with radius r, and / G L 2 fl L Po with support in B, and 
j > 1, then 



where 7 = 7po = || - Recall that Cj{B) denotes the ring 2 j+1 B \ 2 j B 
if j > 2 and Ci(-B) = 45. Hence the assumption ()2.2|) in Theorem 12.11 
holds with g(j) = C( y m)2-"^ 2 e- a4J for any m > 1. It remains to check the 
assumption (|2.1|) and this is where we use the role of m. 

Lemma 5.4. Let po G A1-(L). There exists C > 0, stzc/i that for all balls B 
with radius r > and / G L 2 fl L po u>zt/i support in B, and j > 2 



(5.1) HVL- 1 /^/ _ e- r2i ) m /|| L2(c;j(i?)) < Cr^2-^ 2 ^||/|| iP o( B ), 
^/jere 7 = 7 P0 = |f - 



Proof. By expanding (/ — e r L ) m in the representation of the square root, 
we obtain 





where using the usual notation for the binomial coefficient, 




and x is the indicator function of (0, oo). 
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Observe that (v / ^Ve~* L ) i>0 satisfies L po — L 2 off-diagonal estimates by 
applying the composition to the families Ve"^ 2 ' L )oo and (e~^' 2 ' L )t>o 
which satisfy respectively L 2 and L P0 —L 2 off-diagonal estimates. By Minkow- 
ski integral inequality, we have that 

\g r2 (t)\e-^r^ -j= \\f\\ LP0{B) . 

The latter integral can be estimated as follows. Elementary analysis yields 
the following estimates for g r i: 

C 

\g r 2{t)\<—== if kr 2 <t < (k + l)r 2 < (m + l)r 2 

and 

\g r2 (t)\ < Cr 2m r m - L 2 if t > (m + l)r 2 . 
The latter estimate comes from the inequality 

<Cs m sup \v {m \u)\ 

u>t/(m+l) 

for t > (m + l)s > after expanding v (t — fcs) using Taylor's formula about 
t and using the classical relations Y^!k=o (TK — ^) k k e = for £ G N, £ < m. 
This readily yields the estimates 

\g r ,(t)\e-^t^ 2 ^ < Cr-n-i^). 
Jo yt 

Alternate proof of the lemma: By the representation of the square 
root, one obtains 

(5.2) VL-^ 2 (I - e- r2L ) m f = 7T- 1 / 2 / VtVe- tL {I - e^ L ) m f -. 

Jo t 

The function (p(z) = e~ tz (l — e r2z ) m is holomorphic and satisfies the technical 
condition ()3.5|) in any sector E M , \i < |. Hence, one may use the represen- 
tation (J3.6j) to compute <p(L). With the same choices of the parameters as 
in Section l3~2l for some positive constant c, the functions r}± given by (|3.7j) 
satisfy 

\v±(z)\< ! e- c|c| ( |z|+t) |l-e-^ c p|dC|, 
J~ f± 
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m / \ 

i;r)(-i)Vt-*.) 

k=0 ^ ' 



and one finds 



C { r 2m \ 

(5 - 3) ^'^wrt^w^r)' z€r± - 

Observe that for any 0</3</3'<f — uj, (y/z Ve~ zL ) zeS0 satisfies L po - L 2 
off-diagonal estimates by applying the composition lemma to the families 
(v^Ve'^j^s,,, and (e~~* L )t>o which satisfy respectively L 2 and L Po — L 2 off- 
diagonal estimates. It suffices to decompose z G into z' + t with z' G Hp> 
and t > with |z| ~ \z'\ ~ 1 Using this in (jH.fi)) and the estimate for r;±, 
|| v^Ve- tL (/ - e- r2L ) m f\\ L2(Cjm is bounded by 



_ e4Jr 2 ^1/2 j | f 2m 

C / e N |^V2 |^|7/2 (| 2 | + t)(| z | +t )m 1^1 



LPO(B) 



plus the similar term corresponding to integration on T_. Here 7 = 7 Po 



I 2 po 1 

bound 



Using the inequality ()5.4j) below for the integral, this gives us the 



C I ( t \ 1/2 f4i r 2 \ m - 1/2 



inf 



LPO(B)- 



Integrating with respect to i in (|5.2jl . one finds (J5.1)) by Minkowski inequality 
since m > 1 > 1/2. □ 

Thus, (EH} holds with #(j) = 2-^/2 2 -i(2m+7). Hence, the summability 
condition Y2j>i ^dU) < 00 is granted if 2m + 7 > n/2. This finishes the 
proof modulo the proof of 1)5.4)1 which we do in the following lemma. 

Lemma 5.5. Let 7 > 0, a > 0, m > 6e /ixed parameters, and c a positive 
constant. For some C independent of j G N, r > and t > 0, the integral 

1=1 e~ s — — — —ds 

Jo ST/ 2 (S + t) 1+a (S + t) m 

satisfies the estimate 

(5.4) ,<-°m(( * N ° /4V 
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It 



Proof. Set (3 = ^j— for the argument. Split I = h + I 2 where h = f£ 
and I 2 = f* . . .. 

If i < s, write (s+ ^i+o < < $r and change variable by setting 

= u. Then, 



s 

-4 J-2 



- J V&r 2 ) \A3r 2 ) A? m u 4-? m (2^r)T J u 

As 7/2 + a + m > 0, we obtain 

h < r • \ inf (/5 7/2+m , /T Q ) . 

If i > s and 7 > 0, write < 7, < T^r and change variable 

by setting ^— = u. Then, 



Since 7 > 0, we obtain 



J 2 < . f . . inf (/3 m , e" c/3 ) 

where the value of c has changed. The conclusion follows readily. 

To treat the case 7 = when f3 < 1, then use instead 77^1+5 < } and 

that f e °° e" c "^| is asymptotic to ce~ l as £ tends to 0. Further details are left 
to the reader. □ 



5.1.2 The case p > 2 

Introduce the following sets: 

J+(L) =X(L) n (2,oo) 
N+(L) = Af(L) n (2,oo] 

/C+(L) = {2 < p < 00; (ViVe~ tL ) t>0 is L 2 - L p bounded} 

M+(L) = {2 < p < 00; Ve~* L ) t>0 satisfies L 2 — L p off — diagonal estimates} 

Observe that these sets, if nonempty, are intervals with 2 as lower limit. 
We know that J\f + (L) is not empty and that it has the same interior as fC + (L) 
and M+(L). 
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Theorem 5.6. The above sets are intervals with common interiors. 

Let us state a result for the range 2 < p < oo. 

Proposition 5.7. VL -1 / 2 is bounded on L p for 2 < p < oo if, and only 
tf> (Vi Ve~ iL ) t> o is L 2 — L p bounded for 2 < p < oo. In particular, if 
{\/tVe~ tL ) t>0 is L 2 — L°° bounded, then VL~ 1 / 2 is bounded on LP for 2 < 
p < oo. 

Proof. The equivalence is contained in the theorem above. If (y/i Ve _li )t>o 
is L 2 — L°° bounded then by interpolation with the L 2 -boundedness, it is also 
L 2 — LP bounded for 2 < p < oo. □ 

Let us prove Theorem 15.61 In view of the above remarks, it is enough to 
show 

Step 1. p e T + {L) implies p G /C + (L). 

Step 2. p G M + (L) and 2 < p < p Q imply p G X + (L). 

Step 1. p G T + {L) implies p G K, + (L). 

Assume first that n > 3. By Sobolev embedding's, if q G [2,p] with q < n 
then 

L -l/2. L g _^ L g* 

Following the method of Section 15.1.11 applied to the dual semigroup, we 
obtain that if q G R with 2 <q <p*, 

e~ tL :L 2 

with bound Ct~^/2. Since, L 1 / 2 e" (t/2)L is bounded on L 2 with bound Ct~ 1/2 , 
we obtain Ve" iL = VL" 1/2 e- (t/2)i L 1/2 e" (t/2)i is bounded from L 2 to L p with 
the desired bound on the operator norm. 
If n < 2, we already know that 

for all q G [2, oo] (See Section HJ). The argument is then similar. 
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Step 2. p E M + (L) and 2 < p < p imply p e 1 + (L): We apply 
Theorem 1221 to T = VL~ 1/2 . We set again A r = I - (I - e ~ r2L ) m for some 
integral number m to be chosen. We have to check (|2.3J1 and (|2.4j) . 
We begin with the following lemma. 

Lemma 5.8. For every ball B with radius r > 0, 
(5.5) 

iivL-^ ( /-e-r/| U , w < w^u) (wk\L B ^T 

Wi th g(j) = C2^H- m ^. 

/ \ 1/2 

Hence, (|2.3jl follows provided m > n/4, since ( |2j+ib| J^+ig l/l 2 ) * s 
controlled by (M(|/| 2 )(?/)) 1//2 for any y E B. 

Proof. Fix a ball 5 and r = r (5) its radius. Decompose / as fx +f% +fo + . . . 
with fj = fxcj where xc is the indicator function of Cj = Cj(B). By 
Minkowski inequality we have that 

\\VL- 1 '\I - e- r2L rf\\LHB) < E HV£- 1/2 (/ - e-^rfAmny 
For j = 1 we use L 2 boundedness of VL~ 1//2 (J — e~ r ' 2L ) m : 

\\vL-y\i-e-^ L rfx\\ L ^ B) < \\f\\» m < \m l/2 (^\lj f \ 2 ) 1 ' 2 ■ 

First proof in the case j > 2: Expanding (I — e -' r2L ) m i n the repre- 
sentation of the square root, we find 

roc jx 
VL- 1/2 (/-e""- 2L )"7, = vr" 1 / 2 / Ve~ tL {I - e~ r * L ) m f/ 

Jo 



Vt 



oo 

tt" 1 / 2 / g^Ve-^fjdt 



where, as in Section 15.1.11 



m / \ 
fc=0 v 7 



(— l) fe -^{* >fcs } 



y/t — ks 
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By Minkowski integral inequality and the L 2 off-diagonal estimates for 
(v^Ve~* L )i >0 using the support of fj, we have that 

roc j 2 

\\VL-y\l - e- r2L rf)\\ LHB) <C J l^^le-- 4 ^— \\f\\ L , {Cj) . 

As in Section 15. the latter integral is bounded above by C4~i m uniformly 
over r > 0. Next, 

and we obtain ()5.5|) . 

Second proof in the case j > 2: Write again (|5.2|) : 

VL- l ' 2 {I - e~ r2L ) m f J = vr- 1 / 2 / V~tVe~ tL {I - e^ L ) m f -. 

Jo t 

As in Section 15. 1.11 one ma Y use the representation (|3.fi|) with the function 
<^(z) = e~ tz (l — e r z ) m . The functions rj± in (|3.7jl satisfy the estimates 
f)5.3p . Since for any < (3 < | — u, (y/zVe~ zL ) ze s satisfies L 2 off-diagonal 
estimates, using ()3.6|) and the estimate for r}±, \\ y/iVe~ tL (I — e~ r2L ) m fjW^^B) 
is bounded by 

c L e ~ w W WTT) MTW W ll/lll2,c ' ) 

plus the similar term corresponding to integration on T_. Using (|5.4p . this 
gives us the bound 



C ,lf t \ 1/2 /4V^ m " 1/2 
mf 



4?™ I V 4i r 2 



L!»(C,)- 



Integrating with respect to t in (|5.2|) . one finds ()5.5|) by Minkowski inequality 
since m > 1 > 1/2. □ 

We now show that (|2.4j) holds. By expanding A r — I — (I — e - r2L ) m it 
suffices to show 
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for every ball B with r = r(B), and k = 1,2, ... ,m with ^2g{j) < oo. 
Recall that m is chosen larger than n/4. This, applied to / = L~ 1 / 2 g for 
appropriate <?, gives us (|2.4j) . 

Using the conservation property (|3.12|) of the semigroup, we have 

Ve~ kr2L f = Ve~ kr2L {f - U B ) 

where is the mean of / over E. Write / — / 4 £ = fx + fz + f3 + ■ ■ ■ 
where fj — (f — fiB)XcdB)- For j = 1, we use the fact that p 6 /C+, that 
is that (VtVe~ tL ) t>o satisfies L 2 — L Po off-diagonal estimates, and Poincare 
inequalities to obtain 

i/po / -i r \ 1/2 

|2 



4B| 
1/2 



us 

For j > 2, we have similarly by the assumption on p and the various support 
assumptions, 

I// " 

But 



£|V J ' / r \ \2i +1 B\ jCj(B) 



\fj\'< / \f-hB\\ 

Cj(B) J2i+ 1 B 

j 

\f - /4b| < 1/ — /aJ+ifil + ^ |/2fB _ /2«+ 1 bI 

£=2 

and observe that by Poincare inequality, 

\f#B ~ f2^B? < 1 0< + i pi / 1/ - f2^B? < | Lipi / IWI' 

Hence, by Minkowski inequality, we easily obtain 

1/P0 J_ / -1 /• \ 1/2 

|2 



|v/|- 



and summing over j > 2 gives us ()5.6|) . 

This concludes the proof of Theorem 15.61 
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5.2 Reverse inequalities 

In this section, we study the reverse inequality to the Riesz transform L p 
boundedness. Recall the maximal interval, TZ(L), of exponents p in (1, oo) 
for which one has the a priori inequality HL 1 / 2 /)^ < || V/|| p for / G and 
write mtTZ(L) = (r_(L), r+(L)). We know so far that intX(L) = (p_(L), q+(L)) 
and that p+(L) > (q+(L))*. We show the following bounds. 

Theorem 5.9. We have 

r_(L) <sup(l,(p_(£))„), 
r+(L) >p+(L). 

Hence, 'R-(L) contains a neighborhood of the closure (inM.) ofl(L). 

We discuss the optimality of these bounds in Section 16.41 

This result is a consequence of Lemma 15.101 and Proposition 15.111 below. 

We begin with a duality principle which applies for all p in (1, oo) but which 

gives us the bound in Theorem 15.91 only for r + (L). 

Lemma 5.10. If I < p < oo andWL~ l/2 is bounded on W then || (L*) 1/2 f\\ pl < 
|| V/||p/ holds for f G C™. Hence, r+(L) > p + (L). 

Proof. Let / G Cg°. Then (L*) 1 ^ 2 f is defined and belongs to L 2 . We estimate 
|| (L*) 1 ^ 2 f\\ p i by testing against g G L 2 fl L p . Since g G L 2 , we have g = 
L x/2 L -\/2 g and ^ = L -i/2 g e ^1,2 Hence, by Lemma ET2l 

((L*f 2 f,g} = / V/ • AVh. 

Since \\Vh\\ p < \\g\\ p , it follows that \\(L*) 1/2 f\\ p , < ||V/||y as desired. 

Let 2 < p < p+(L). By duality, P-(L*) < p' < 2, hence, V(L*)~ 1/2 is 
bounded on L p by Theorem 15.21 and p G 1Z(L). Thus, r + (L) > p and the 
conclusion follows. □ 

The above lemma does not give an interesting information for r_(L). The 
next proposition yields a much better bound. Define p~(L) = sup(l, 

Proposition 5.11. Let 1 < p < 2. IfVL^ 1 / 2 is bounded on L p and p > 

then ||L 1/2 /||y < \\Vf\\ q for p* < q < 2. // VL~ 1/2 is bounded on IP and 
p < then \\L l l 2 f\\ q < \\Vf\\ q forl<q<2. Hence, r_(L) < p_(L). 
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The inequality on r_(L) follows from the definition of r_(L) and the 
identification of p~{L) as the lower limit of 1{L). 

Let us remark that for n > 2 and p < 2, there exists an L such that 
p G X_(L) but p' ^ Z+(L*). 46 Hence, no duality argument can help us here. 
In fact, the argument will rely on a Calderon-Zygmund decomposition for 
Sobolev functions which is proved in the Appendix. 

Lemma 5.12. Let n > 1, 1 < p < oo and f <E X>'(R n ) 6e such that || V/|| p < 
oo. Lei a > 0. T/ien, one can find a collection of cubes (Qi), functions g 
and bi such that 

(5-7) f = g + J2b i 

i 

and the following properties hold: 

(5.8) IIVoIU < Ca, 

(5.9) keW^iQi) and [ \ Vo;| p < CoP\Qi\, 

(5.10) Y.\^\^ CorP I l V ^> 
(5.H) E 1 ^^^' 

i 

where C and N depend only on dimension and p. 

The space W 1,p (fi) denotes the closure of C °°(fi) in W l > p {tt). The point 
is in the fact that the functions bi are supported in cubes as the original 
Calderon-Zygmund decomposition applied to V/ would not give this. 

46 This is due to Kenig. See HH Chapter IV, Theorem 7]. 
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Proof of Proposition 15. lit By Theorem 15.21 we may transform the hy- 
pothesis on the Riesz transform, i.e. p G X_(L), into an hypothesis on the 
semigroup. Proposition 15.111 is therefore a consequence of the next result 
combined with Marcinkiewicz interpolation. 

Lemma 5.13. Let p G A4-(L). Then we have 

(5.12) ||£ 1/2 /H P ,oc < || V/|| p , if 1 < p* < V < 2, 

(5.13) ll^Vlkoo < ||V/||i, ifp*<l. 

Proof. Recall that p # = Of course, it is enough to pick p and p as small 
as possible. If n = 1,2, then p may be chosen with p* < 1 (as a consequence 
of Corollary 14 .6|) and we set p = 1 in the proof. If n > 3, then one can always 
assume that p < p n = and we pick p so that p* < p < p n . Let / G Cq°. 
We have to establish the weak type estimate 

(5.14) \{x G R n ; |L 1/2 /(*)l > «}| < ^ | |V/| P , 
for all a > 0. We use the following resolution of L 1 / 2 : 

;>oo 

L 1 / 2 f = c e~ t2L Lfdt 
Jo 

where c = 27T -1 / 2 is forgotten from now on. It suffices to obtain the result 
for the truncated integrals . . . with bounds independent of e, R, and then 
to let e I and R j oo. For the truncated integrals, all the calculations are 
justified. We ignore this step and argue directly on L 1 / 2 . Apply the Cal- 
deron-Zygmund decomposition of Lemma 15.121 to / at height a p and write 
f = g + By construction, ||Vg|| p < c||V/|| p . Interpolating with (|5.8|) 

yields f\Vg\ 2 < ca 2 - p f | V/| p . Hence 

{xeR n ;\LWg(x)\>^ 

where we used the L 2 -estimate ()3.11|) for square roots. To compute L 1//2 6j, 
let n = 2 k if 2 k < ti = £{Qi) < 2 k+l and set T< = f l e~ eL Ldt and U { = 
J™e- t2L Ldt. It is enough to estimate A = \{x G M n ; | J2i T Mx)\ > a/3}\ 
and B — \{x G M n ; | J2i Uibi(x)\ > a/3}\. Let us bound the first term. 
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First, 



A < | U i 4Q i | + 



a 

> - 
3 



and byJSUIll, | U 4Q 4 | < ^ f | V/| p . 
For the other term, we have 



xeR n \ U,4Q i; 



X] 



> 



a 



< 



C 



a- 



with hi = l(4Q.) C |Tj6j|. To estimate the L 2 norm, we dualize against u G 1/ 
with II 1 1 2 = 1 ; 



\u 



t t j=2 



where 



.4 



Oj(Qi) 



Let g = 2 if n < 2 and q = p* = if n > 3. Observe that p < q < 2 and 
that p < q < p*. 

Since p < q < 2, the family (tLe~ tL )t>o satisfies L q — L 2 off-diagonal 
estimates on combining Proposition 14.21 and Proposition 14.151 Hence, using 



also r,i ~ £i, 



||e * L Lbi\\ L 2 {c . m) < —e \\bi\\ q 

where 7 = 7 9 = If — -||- By Poincare-Sobolev inequality (since p < q < p*) 
and (jSH), 

INIg<< Vp 9 ||V6i|| p < cat, q . 

Hence, by Minkowski integral inequality, for some appropriate positive con- 
stants C, c, 



C _^rl 



\Tibi\\ L 2 {C]{Qt)) < I \\e 1 L Lbi\\ L 2 {Cj{Qi)) dt 
Jo 

< Cae 



-c4 J n 2 
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Now remark that for any y G Qi and any j > 2, 



1/2 



\U\ 



< 



1/2 



\u\ 2 ) <(2^\Q l \)^(M(\u\ 2 )(y)) 1/2 . 

Applying Holder inequality, one obtains 

Aij < Ca2 nil2 e~ cV t t {M(\u\ 2 ){y)) 1/2 . 
Averaging over Qi yields 

JUj < Ca2^' 2 e- cA3 [ (M(\u\ 2 )(y)) 1/2 dy. 



Summing over j > 2 and i, we have 

/ \u\J2h t <Ca I ^QM{M{\u\ 2 ){y)) l,2 dy. 

i i 

As in the proof of Theorem 12.11 using finite overlap (J5.11j) of the cubes Qi 
and Kolmogorov's inequality, one obtains 



J \u\J2hi<C'Na\ Ui Q % 



1 / 2 |||..|2||l/2 



\U 



Hence 



i6l" \ UiAQi 



by (ETTTD and (j5~TUjl . 

It remains to handling the term B. Using functional calculus for L one 
can compute Ui as r~ l il){rfL) with ip the holomorphic function on the sector 
| arg z | < | given by 



(5.15) 



e z zdt. 



It is easy to show that IV^- 2 )! < C\z\ l / 2 e C I 2 I 2 , uniformly on subsectors 
| arg z | < fi < | . 

We invoke the following lemma proved by duality in Section [7| 47 
47 It can also be proved directly using the vector- valued extension of Theorem 12. II 
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Lemma 5.14. If p E M.- then for p < q < 2 



(5.16) 



< 



1/2 



whenever the right hand side is finite. 

To apply this lemma, observe that the definitions of r, and Ui yield 



with 



Using the bounded overlap property (|5.1ip . one has that 



1/2 



< 



We 



16,- 1 9 



By f!9.2jl . and p < q < p*, together with ^ ~ r^, 



Hence, by fl5~TUJ) 



a; e 



□ 



5.3 Invertibility 

We finish the study of square roots with their invertibility properties on L p 
spaces. This is summed up in the following theorem. Recall that X(L) is the 
maximal interval of exponents p E (1, oo) for which VL -1 / 2 is bounded on 
LP. 
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Theorem 5.15. Let 1 < p < oo. Then p E T(L) if and only if L 1//2 , a 
priori defined from into L 2 , extends to an isomorphism from W 1,p onto 
LP with \\L 1 ^ 2 f\\ p ~ ||V/|| P . Furthermore, L[L) is an open interval. 

Proof. For p = 2, the equivalence is a consequence of the solution of the 
Kato's conjecture (|3.11|) as recalled in Section EH 

For other values of p, one implication is straightforward. Conversely, 
we know from Theorem 15.91 that 7Z(L), the maximal interval of exponents 
p E (1, oo) for which one has the a priori inequality HL 1 / 2 /^ < ||V/|| P , 
contains a neighborhood of the closure (in R) of L{L). 

In particular, if VL~ 1//2 is bounded on L p then for the same p, L 1 ^ 2 can 
be extended boundedly from W 1,p into LP . The isomorphism property is 
now easy. Indeed, from HL 1 / 2 /^ ~ ||V/|| P , we deduce that this extension is 
one-one and has closed range in LP . It remains to establish the density of 
this range. If g E LP n L 2 , we have g = L x l 2 L~ x l 2 g and by || \IL~ x l 2 g\ p < 
c\\g\\ p < oo, we conclude that g is in L 1 ^ 2 (W 1 ' P ). Thus L l l 2 {W 1,p ) contains a 
dense subspace of LP. 

The openness of L(L) is a consequence of the following result. 

Lemma 5.16. 48 Let X s ,Y S , be two scales of complex interpolation Banach 
spaces, s describing an open interval I. If T : X s — > Y s is bounded for each 
s E I, then the set of s E I for which T is an isomorphism from X s onto Y s 
is open. 

Apply this result (changing s to p) with / = 'mtTZ(L), X p = W 1,p , Y p = 
LP and T = L 1 ! 2 : we just proved that the set of p E int7?.(L) for which L 1 ! 2 
is an isomorphism from W 1,p onto LP is 1{L). Thus, L(L) is open. □ 

5.4 Applications 

We have developed the necessary theory to reobtain all the results mentioned 
in the Introduction. Let us start with results holding in all generality. 

Proposition 5.17. 49 Ifn = 1, we have ||L 1//2 /|| p ~ Htt/IIp and L 1 ^ 2 extends 
to an isomorphism from W 1,p onto LP when 1 < p < oo. 

48 This is due to I. Sneiberg ffSnp. 

49 This is first proved in |ATlj . Theorem A. More is proved there: in that a-^L^ 1 / 2 is 
a Calderon-Zygmund operator and the boundedness properties at p = 1 and p = oo are 
studied. 
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Proof. We know from Corollary 14.61 that p_ (L) = 1 and from Proposition 
14. 121 that q+(L) = oo. Hence T(L) = (1, oo) and the conclusion follows from 
Theorem 15.151 □ 

Proposition 5.18. 50 Ifn = 2, we have \\V L~ 1 / 2 f\\ p < \\f\\ p forl < p < 2+e 
and IjL 1 / 2 /!^ < ||V/|| P for 1 < p < oo. Furthermore, L 1//2 extends to an 
isomorphism from W 1,p onto LP when 1 < p < 2 + e. 

Proof. We know from Corollary 14.61 that p~(L) = 1 and from Corollary 14.101 
that q+(L) > 2. Hence, 1{L) = (1,2 + e) and we have the isomorphism 
property from Theorem 15.151 

Now, r_(L) = 1 and r+(L) > p+(L) = (p-(L*))' = oo. Hence WL 1 ' 2 f\\ p < 
|| V/ ||p for 1 < p < oo by Theorem 15.91 □ 

Proposition 5.19. 51 // n > 3, then \\VL-V 2 f\\ p < \\f\\ p for ^ - s < 
p < 2 + e' and \\L^f\\ p < \\Vf\\ p for sup(l, ^ - e x ) < p < +% + A 
with e,e',ei,e[ > depending on dimension and the ellipticity constants of 
L. Furthermore, L 1 ! 2 extends to an isomorphism from W l,p onto LP when 
^- 2 -E<p<2 + e>. 

Proof. We know from Corollary 14.61 that p_ (L) < and from Corollary 
EH that q + (L) > 2. Hence, J(L) = (jgL ~ £ , 2 + e ') and the isomor- 
phism property follows from Theorem 15.151 By Theorem 15.91 < 
rap(l,(p-(L)).) and r+(L) > p+(L) = (p_(L*))'. Thus \\lM*f\\ p < \\Vf\\ p 
forsup(l,^-e 1 )<p<^+e' 1 . □ 

Remark. If n > 2, the bound p < 2 + e' for the Riesz transform LP bounded- 
ness is sharp as q+(L) > 2 is optimal (see Section l43j) . 

A new fact is the following negative result. 

Corollary 5.20. Ifn > 5, there exists p G (1,2) and an operator L for which 
VL -1 / 2 is not bounded on LP . 

Proof. If n > 5, there exists an operator L for which P-(L) > 1 (see Section 
14. 5j) . It remains to invoke Theorem 15.21 □ 

50 This follows from [IT], Chapter IV, Theorem 1, using [AMcTj . Theorem 3.5 and 
AH LMcT] . Theorem 1.4. 

51 The first inequality is proved in |BK2| . |HM| for the range < P < 2 and the 
extension to this larger range is in PQ, the second inequality is in |HM) for the range 
2 < p < and in [X] for the rest of the range. 
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Let us come to results where further hypotheses may be taken on L. 

Corollary 5.21. 52 Ifn > 3 and L has real coefficients, then \\ V L" 1 / 2 f\\ p < 
|| /||p for 1 < p < 2 + e and HL 1 / 2 /^ < ||V/|| P for 1 < p < oo. Furthermore, 
L 1 / 2 extends to an isomorphism from W x,v onto LP when 1 < p < 2 + e. 

Proof. The semigroup {e~ tL )t>o is contracting on L l . By Proposition 14.21 
part 1, this implies L 1 — L 2 boundedness. By Proposition 15.31 we obtain 
||VL _1 / 2 /||p < || /||p for 1 < p < 2. The rest of the proof is as the one of 
Proposition 15.181 □ 

Remark. If n > 2 and L has continuous and periodic coefficients with com- 
mon period then a careful spectral analysis of the semigroup yields that the 
Riesz transform is bounded on LP for all p G (1, oo). 53 As a consequence, 
one obtains uniform gradient bounds on the heat operator from LP to LP, for 
any 1 < p < oo. 

Remark. If n > 2 and L has real, Holder continuous and quasiperiodic coef- 
ficients satisfying Koslov condition then by homogeneization techniques, the 
Riesz transform is proved to be bounded on LP for all p G (1, oo). 54 As a 
consequence, one obtains uniform gradient bounds on the heat operator from 
LP to L p , for any 1 < p < oo. 

Remark. If n > 2 and L has almost-periodic coefficients then the semigroup 
is L 1 — L 2 bounded (in fact, much more is true), which is enough to conclude 
that the Riesz transform is bounded on LP for all p G (1,2). The situation 
for p > 2 is unclear. 55 



5.5 Riesz transforms and Hodge decomposition 

An LP Hodge decomposition adapted to the operator L consists in writing 
a field / G LP into the sum of fields g + V/i where g, Vh G LP with ||g||p + 
II V/i||p < c||/||p and diy(Ag) = 0. This amounts to the boundedness of the 
Hodge projection VL _1 div on LP , that is an inequality of the type 

(5-17) llVL-'div/llp^H/llp. 

52 This is first proved in jATj . Chapter 4, using [AHLMcT] . Theorem 1.4 and Aronson's 
estimates in |Ar| . 

53 This is in |ERS] . Theorem 1.1. 

54 This is in |AT), T heorem 1.2. 
This is in DER . Theorem 1.1. 
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Indeed, formally, one has 



VL- 1 div(Af) = Vh. 

Alternately, it can be seen as the boundedness for the second order Riesz 

transform, VL~ 1/2 (V(L*;r 1/2 )*- 

For p — 2, the inequality (j5.17|) in automatic by construction of L. For 
p 7^ 2, we see here the connection to Riesz transforms estimates. Before, we 
put aside the one dimensional case. 

Proposition 5.22. Lfn — 1, ^L~ 1 -^ extends to a bounded operator on LP, 
1 < p < oo, equal to the negative of the operator of pointwise multiplication 

With —7—r . 

a(x) 



Proof. Let D be the space of compactly supported and C 1 functions / with 

m 

fVifi unimiP cnlnflnn in T/T/^'^ nf J it — 

>i i 



is easy to see that D is dense in LP when 1 < p < oo. For 
/ in D, the unique solution in W 1,2 of Lu — j- is given by 



r°° fit) 

u(x) = / J -Hr dt, x G R. 
1 ^ h a(t) 

We have, u'(x) = — 4|4 and v! G LP with \\u'\\ p < ||^||oo||/||p since ^ is a 
bounded function. Thus the boundedness property holds from D into LP 
and the conclusion of the proposition follows readily. □ 

Recall that Riesz transforms inequalities hold in the full range 1 < p < oo 
when n — 1. 

We now restrict our attention to dimensions n > 2. In that case, (j5.17|) 
is always valid for || — -| < e, the value of e depending on the ellipticity 
constant of L and dimension. 

Theorem 5.23. 1. Let 2 < p < oo andn > 2. Then VL -1 div is bounded 
on L p if and only ifWL" 1 / 2 is bounded on L p . 

2. Let 1 < p < 2 and n > 3. LfVL~ l div is bounded on L p then VL~ 1/2 
is bounded on L q for sup(l,p*) < q < 2. 

Proof. Let us begin the argument with the second statement. Let 1 < p < 2 
and n > 3. Assume || VL -1 div/|| p < ||/|| p for all / G L p . Using interpolation 
with the corresponding L 2 -inequality, there is no loss of generality to assume 
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p* > 1. By Sobolev embeddings we deduce that L^ 1 : LP* — > LP* for any such 
p. Take po with p* < po < P- Define pu by pu = ((pfc-i)*) if Po < 2* and 
stop when % < pk < 2*. 

If k — 0, then we already know that (e~* L )i>o is L po — L 2 bounded, hence 
Po G J-{V). By Theorem 15.21 we conclude that (po, 2) C I-(L). Since po 
was arbitrary, we have shown that (p*, 2) C I_(L) in this case. 

Assume now, that k > 1. By construction, L~ fc is bounded from L Po 
to L Pft . Since 2* < p^ < 2*, (e~* L )t>o is an analytic semigroup on L Pk by 
Proposition 14.151 As in Step 2 of the proof of Theorem 15.21 we obtain that 
e~ tL is bounded from L po to L Pk . We also have that (e _tL )t>o satisfies L Pk 
off-diagonal estimates by interpolation between L 2 off-diagonal estimates and 
U boundedness for r chosen so that pk is between 2 and r. By interpolation 
again, we deduce that if po < q < Pk, (e~ tL )t>o satisfies L q — L Pk off-diagonal 
estimates. Using Lemma 14.31 this implies that (e~* L )t>o is L q bounded. 
Hence, q G J-{V). We conclude as above that (p*,2) C X_(L). 

Let us now consider the case p > 2. Assume || VL _1 div/|| p < ||/||p- We 
first claim that || (L*) 1 ^ 2 f\\ p / < ||V/|| P '. Indeed, this always holds if n = 2 
by Proposition EM If n > 3, by duality we have || V^*)" 1 div f\\ p , < \\f\\ p , 
and the preceeding case tells us that V(L*)~ 1//2 is L p bounded. Applying 
Theorem 15.91 proves the claim. 

Secondly, let h G W n W 1 ' 2 . Since div h G L , we have that 

(L*)' 1/2 div h = (L*) 1/2 (L*Y l divh, 

hence 

||(L*)- 1/2 div = || (L*) 1 ^*- 1 div /ill,, < \\V{L*y x div h\\ p , < \\h\\ p , 

Since L p ' DW 1 ' 2 is dense in L p \ we obtain the LP' -boundedness of (L*)~ 1,/2 div 
which, by duality, means the L p -boundedness of the Riesz transform VL -1 / 2 . 

For the converse, we deduce from the characterization of X(L) and the 
relation between p±(L) and q±(L) that the L p -boundedness of the Riesz 
transform VL -1 / 2 and p > 2 imply the LP -boundedness of the Riesz trans- 
form V(L*) -1 ^ 2 , which by duality means that L -1 / 2 div is bounded on L p . 
Hence, VL" 1 div = VL~ 1/2 L~ 1/2 div is bounded on L p . □ 

Remark. By Proposition 15.181 the second statement is meaningless if n — 2, 
hence the assumption n > 3. Its converse is false for any p < 2. For 
example, for any e > 0, there exist real symmetric operators L such that 
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|| VL 1 div/||p < || /||p only when |~ — ^\ < e, yet its associated Riesz trans- 
form is L p bounded when 1 < p < 2. 

Remark. Let us describe a geometric interpretation of the reverse inequalities 
for square roots. Let H P (L) = {g G L p ; dw(Ag) = 0} and Q p = V(W^ P ). 
These are closed subspaces of L p . The Hodge decomposition in L p is equiv- 
alent to having H P (L) + Q p = L p as a topological direct sum. By duality, it 
is also equivalent to H P >(L*) + Q p > = L p is a topological direct sum. 

Assume that ||L 1/2 ,/||p < ||V/|| P holds. Then, by duality {L*) 1 ' 2 is 
bounded from D>' into W~ ljpf '. If V/i G then (L*)" 1 / 2 div(A*V/i) = 
(L*) l l 2 h makes sense. Hence, the restriction of (L*)~ 1//2 div(A*-) to ^ is 
bounded into l/. If g G then (L*)" 1 / 2 div(A*g) = 0, hence the 

restriction of (L*)~ 1//2 div(y4*-) to H P >(L*) is bounded into L p ' (without any 
hypothesis). Conversely, these two facts imply ||L 1/,2 /|| p < ||V/|| P . Thus, 
this inequality means that (L*) -1 / 2 div(A*-) is bounded on closed subspaces 
ofL p intoL p even without knowing whether they are in direct sum in L p . 

If the topological direct sum holds then (L*)^ 1 / 2 div(A*-) is bounded on 
L p , hence VL -1 / 2 is bounded on L p . This is what we proved above. 

This also illustrates why HL 1 ' 2 /!^ < ||V/|| P is possible even when VL -1 / 2 
is not bounded on L p . 

Let us finish with another identification of q + (L). 

Corollary 5.24. q+(L) is the supremum of exponents p for which one has 
the Hodge decomposition in L p , or alternatively for which L extends to an 
isomorphism from W 1,p onto W~ 1,p . 56 The interval of values of p for which 
this holds is, therefore, ((q + (L*))', q + (L)). 

Proof. If n — 1 we have q+(L) = oo and the Hodge projections are bounded 
on all LP spaces as recalled above. If n > 2, this follows right away from the 
previous theorem and the fact that q+(L) is the supremum of T{L). □ 

6 Riesz transforms and functional calculi 

In this section, we present the theorem of Blunck & Kunstmann concerning 
H°° functional calculus on LP spaces. We also discuss Hardy-Littlewood- 
Sobolev inequalities. Combining this with Riesz transform estimates, we 
obtain a family of inequalities which we summed up in what we call the 
Hardy-Littlewood-Sobolev-Kato diagram. 

56 See Lemma El 
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6.1 Blunck Sz Kunstmann's theorem 

Let L be as usual and u be the type of L defined in (|3.4|) . We know that L 
admits a bounded holomorphic functional calculus on L 2 . 

Let p G (l,oo). We say that L has a bounded holomorphic functional 
calculus on L p if one has the following property: for any \i G (ou, it) and any 
ip holomorphic and bounded in E M , and all f E L 2 (1 L p 

\\<p(L)f\\ p < cll^llooll/H, 

the constant c depending only on p, u and /i. The operator <p(L) is defined 
on L p by density. 57 

We define Tt(L) as the sets of those exponents p with the above property. 
By interpolation, these sets are intervals (if nonempty). 

Recall that J{L) is the set of exponents p for which {e~ tL ) t >o is L p 
bounded and J(L) n [1,2) = J-(L). 

Theorem 6.1. The sets J{L) andTi(L) have same interiors. 

By Theorem 15.21 this gives us 
Corollary 6.2. The sets X_(L) and 7i_(L) /tai>e same interiors. 

We turn to the proof of the theorem. 

Proof. It is enough to show that J-{L) and 7i_(L) have same interiors as 
one can use duality in this context. 

Let p < 2. If L has a bounded holomorphic functional calculus on L p 
then the semigroup (e~ tL ) t> o is L p bounded. Hence 7i^{L) C J-(L). 

Conversely, it is enough to show that p £ int/C_(L), that is (e" zL ) ze s a 
satisfies L P0 —L 2 off-diagonal estimates for any (3 G (0, | — uj) (see Proposition 
14.15(1 . implies that ifi(L) is weak-type (po,Po) whenever if is holomorphic and 
bounded in for /i > u and we may choose fi < ~ by convenience. To this 
end, we apply Theorem 12. II to T = ip(L). It is enough to assume further on 
ip the technical condition ([3.5(1 . 58 

We set A r = J — (/ — e~ r L ) m , r > 0, for some large integral number m. 

Strictly speaking, one should incorporate a statement about convergence of operators 
to allow limiting procedures. In fact, this follows from the L 2 -functional calculus and 
density. 

58 This follows from the Convergence Lemma in |Mc| . 
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Assume p < 2 is such that (e~ zL ) ze ^ satisfies L Po — L 2 off-diagonal 
estimates for any (3 G (0, ~ — uS). It is enough to check (|2.1|) as (|2.2|) is 
granted from the assumption on the semigroup. Our goal is to establish the 
inequality 



1/2 



1 



1/po 



for all ball 5 with r the radius of B and all / supported in B and all j > 2, 
with 5] 2 n ^(j) < oo. As before, Cj(B) denotes the ring 2 j+1 B \ 2 j B. 

To do this, let tfj(z) = (p(z)(l - e - rH ) m so that ip(L) = <p(L)(I - e r ' 2L ) m . 
Represent ip(L) using the representation formula ()3.6|) . Using the exact form 
of ijj and the definition of rj±, it is easy to obtain 

to±(*)| < C||^|UkI _1 inf (l,r 2m |z|" m ) , z e r±. 



Hence, by Minkowski integral inequality in (|3.6|h the hypothesis on po and 

»(C,-(B)) 



on the support of /, \\<p(L)(I — e r2L ) m f' l \L 2 {c {B)) is bounded above by 



c\ e -^—^mi(iy m \z\- m )^4 

I d>o/ 2 V ' ' ' \z\ 



Pi) 



plus the term corresponding to integration on L. A calculation gives us a 
bound 



Using the value of 7 P0 we obtain (jHHJ) with g(j) = C2~ n ^ '/ 2 2~ j ^p + 2 ™) . Choos- 
ing m with 7 Po + 2m > n/2 concludes the argument. □ 

6.2 Hardy-Littlewood-Sobolev estimates 

We prove the following result. 

Proposition 6.3. Let p~(L) < p < q < p + (L). Then L~ a is bounded from 
LP into L q provided 

1 fn n 

2 \p 



64 



Proof. We first observe that with the following choice of p and q then {e~ tL ) t >o 
is L p — L q bounded. Indeed, we know it if p = 2 or if q = 2 by Proposition 14. 21 
If p < 2 < q, it suffices to use composition. If p < q < 2, interpolate between 
LP boundedness and LP — L 2 boundedness. And if 2 < p < q, interpolate 
between L q boundedness and L 2 — L q boundedness. 
Next, by L 2 functional calculus, we have 



./ 



r (a) 



t a-l L a e -tLf dt 



for all /eL 2 , where the integrals . . . converge in L 2 as e j and R f oo. 

Set T £>jR 
a = i(2 

2 V p 

uniform constant C 



r(a)-7 fi f^e^dt. Let / G L 2 n LP with 



1. Fix 

2 — ^). For a > and p < qo < q < qi < q+(L), we easily obtain with 



t *-l e -tL 



fdt 



1/71 TL \ 



and 



t 



a-l-tL 



fdt 



_1 / _n_ n \ 



Hence, by the argument of Marcinkiewic interpolation theorem, we have if 
A > 

\{x G R n ; |T e , fl /(x)| > A}| < C\- qi a~ ( ~^ ] + C\- qo a~ { ^ ^ . 

71 

Choosing a 2 ? = A yields, 

|{xGM"; |T £ii? i(x)|>A}|<2CA-' ? . 

Hence, T £ ^f belongs to the Lorentz space L q,QC . Since this holds for all q as 
above, by interpolation again, we conclude that T £ R f G L q and 

\\T e , R f\\ q < C\\f\\ p 

whenever f £ L 2 (1 L p with uniform constant with respect to e, R. 

It remains to pass to the limit. If0<a<l/2, we claim that L a defines 
an isomorphism between the fractional Sobolev space H 2a (defined as the 
closure of for the seminorm ||/||jj-a a = ||(— A) a /|| 2 ) and L 2 with 



\L"fh~ \\f\\fr 
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Indeed, if = 0, z i— > z a is bounded holomorphic in E^, hence 

II^VIIaHI/lh 

with implicit constants independent of Qa. For 9?ct = 1/2, combining the 
square root problem (jH.llj) with the L 2 functional calculus, we have 

l|£ a /||2~ ||V/|| 2 

with implicit constants independent of Qa. The claim follows by complex 
interpolation. By construction, if / 6 L 2 then 

Jim \\T £ , R f-L- a f\\ H2a , 

hence, for a sufficiently small so that Sobolev embeddings H 2a C U applies 
with r < oo, we also have the convergence in U . 

Now, if / G L 2 fl L p , we combine the uniform bound of T e ^/ in L q and 
its convergence in U to conclude for the LP — L q bounded extension of L~ a 
for all small positive a. 

We obtain all possible values of a by writing L~ a = (L~ a / fc ) fc for k large 
enough. □ 

Remark. The isomorphism property used in the proof holds < a < 1/2 
without knowing the solution of the Kato square root problem using that 
the domain of L a is an interpolation space between the form domain (i.e. 
W 1 ' 2 ) and L 2 . 59 



6.3 The Hardy-Littlewood-Sobolev-Kato diagram 

In the plane {(-, s)}, where p is a Lebesgue exponent and s a regularity index, 
we introduce a convex set on which we have a rule for boundedness from 
W s >p to W a ' q of functions of L. We call it the Hardy-Littlewood-Sobolev- 
Kato diagram of L because it includes all previously seen estimates from 
functional calculus and Kato type inequalities (see below). 
Pick exponents p , qo,Pi, q\ as follows: 

q_(L) = < p < 2 < g < q+{L) 

59 This complex interpolation result follows from Kato |K1| and Lions |L1) . 
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and 

= p_{L*) < Pl <2< qi < q + {L*). 

Hence, po;<?o (resp. are in the range of L p -boundedness of the Riesz 

transform VL -1 / 2 (resp. V(L*) -1 / 2 ). Consider the closed convex polygon 
V = ABDFEC in the plane {(±,s)} wi th A = 5 = (^,1), D = 

(£, 0) F = (^7,-1), E = {j+y'-l) and C = (^,0). See Figure 1. Let 

M = (-, s), N = (±, a) in "P. We call MN an authorized arrow if p < q. Set 
in this case, 

, w , T , a — s 1 / n n\ 

a(M ,N) = — + -{---y 

In other words, we are allowed to move in V horizontally from the right 
to the left, vertically up and down and all possible combinations. In fact, 
an accurate correspondance would be the convex three dimensional set of 
authorized arrows MN between two parrallel copies of V in M 3 whenever M 
in the first copy and N in the second copy. 



1 - 


c 


A 


B 


^ — 1 -, 


D 




1- 




1/2 / 
IV 


— 1 

1 




E 



Figure 1: The Hardy-Littlewood-Sobolev-Kato diagram V. 



Theorem 6.4. Let /i G (uj,tt). For any M = (±,s),N = (±,cr) G V with 
p < q and any (p G JF(£ M ) ; 

ll^)/ll^<lk Q(M '^Vll^(E M )||/||^, 

provided the quantity H^^'^VlU 00 ^) ^ s fi n ^ e - The implicit constant de- 
pends on /i, ou, p, q,s,a. 

A few explanations are necessary. First, for < s, W s,p is defined as the 
closure of C£° for || (-A) s/2 /|| p and W~ s ' p ' is its dual space. If < a < 1, 
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z i— > z a is the analytic continuation in £„. of t i— >■ t a defined on (0, oo). If 
< a < k + 1 with k integral number, then z ^ z a = z k z a ~ k is analytic in 
T, n . Hence, if <p G then z a <£> G .F(£^) and L a ip(L) is well-defined (See 

Section l3~2"j) . Also, we shall write a priori inequalities for suitable functions / 
and we shall leave to the reader the care of providing the density arguments. 

When s = a = 0, this includes L p — LP estimates for negative fractional 
powers of L (Hardy-Littlewood-Sobolev estimates). For p = q, we have a 
comparison between fractional powers of L with the ones of the Laplacian — A 
(Kato type estimates): the operators (— A)°'/ 2 L ( - S ~ a " 2 (— A)~ s / 2 are bounded 
on LP provided (~,s) and (-,&) belong to V. More precisely 

Corollary 6.5. If(~,s) and (^,cr) belong to V, then L,( s ~ a " 2 extends to an 
isomorphism from W s,p onto W a ' p 

Proof: The previous remark means that 

\\L {s -° )/2 f\\ w ., P ~ 11/11*., 

which implies that the extension from to W s,p is bounded and one-to- 
one. Since the same thing is true for L* in the dual range, we conclude that 
this extension is onto by classical arguments. □ 
In particular we recover the simultaneous LP boundedness of the Riesz 
transform and the Hodge projection when p > 2. We pursue the discussion 
on Kato type estimates in the next section. 



Proof of Theorem 16. 41 By convexity and complex interpolation, its suf- 
fices to prove the result for the following extremal authorized arrows: 



1. the minimal ones: MM where M is one of the six vertices of V . 

2. the maximal horizontal ones: BA, DC, FE. 



3. the maximal vertical ones: DB, FH, GA, EC and their respective 
opposite where G = -1) and H = ( Uy, 1). 



Step 1. Minimal arrows 
• AA: Write 

l|V^(L)/|| 90 < \\L^{L)f\\ qo - \W{L)L l/2 fK < IMU|£ 1/2 /IU < IIV/H 
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The first inequality holds because the Riesz transform is L qo bounded, the 
second by the commutative property of the functional calculus, the third by 
Theorem 16. II and the last by the reverse inequalities at go- 
•BB: Same as AA by changing q Q to po- 

•CC: We have (pi)' G intj7"(L), hence Theorem 16.11 applies and yields 
\W{L)_nW < WVfhny. 

•DD: Same as CC by changing (pi)' to po- 

•EE: By duality, we have to show || Vip(L*)f\\ Pl < ||V/|| Pl . This is the 
same as BB by changing L to L* and po to pi. 

•EE: By duality, this is the same as AA by changing L to L* and go to 

Qx- 

Step 2. Maximal horizontal arrows 

•BA: As for AA, we begin with 

\\V<p(L)f\\« £ \\L l/ ML)f\\ qo ~ ML)L^f\\ qo . 
Next, we continue with 

ML)L 1,2 f\\ qo < \\z^ V \U\L-^L^f\\ qo 
by Theorem 16.11 then 

|| L - a( iM) L l/2 /|U < ||L l/2 /||po < ||v/||po; 

by the Hardy-Littlewood-Sobolev inequality for L and the definition of a(B, A), 
and the reverse inequality at po- 

•DC: Since p~(L) < po < (pi)' < p+(L), by Proposition l6.3l and Theorem 

i6~n 

ML)f\\ iPl y < \\z a ^ c ^\U\L-^f\\ {pi y < \\f\\ po . 

•FE: By duality, this is the same as BA by changing L to L*, po to pi 
and go to q\. 

Step 3. Maximal vertical arrows 



Recall that G and H are points in V given by G = (— , — 1) and H 



•(ft) 
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•DB\ Using that the Riesz transform is L po bounded and Theorem 16.11 
one has 

\\V<p(L)f\\ P0 < ||LVV(L)/|L < ||^/V! 



IPO ~ ll J -' Y\^!J llpo ~ ll~ Y\\oo\\J ||po - 

•BD: We have 

\ML)f\\ P0 < \\L-^ML)L^ 2 f\\ P0 < HarVVllooll^VL < l|Vj% - 



•FH: Since (qi)' > p~(L), one has the boundedness of the Riesz 

transform associated to L: 

||Vy?(L)div/|| ((?l) , <\\L l ' 2 V {L)^f\\ {qi) , 

Then writing L^ 2 ^>(L) = L< / j(L)L" 1 / 2 and using Theorem 16 . II yield 

lltf/V^div/HfaOi £ ||^||oo||^ 1/2 di V /|| ((?iy . 

Next, using that the Riesz transform associated to L* is bounded on L qi , one 
concludes by 

\\L- l/2 divf\\ iqi y<\\f\\ {qi) , 

•HF: Since (q^' > L 1/2 is bounded from to W" 1 '^' , hence 

\ML)f\\w-u n y = \\L l/ \(L)L- ll2 f\\ w -^y < ML)^ 1 ' 2 f\\ {qi y. 
Next, by Theorem 16.11 

MQL-WfWtoy < II^Vl|oo||L 1/2 /ll( 9l )' 
We finish with L 1//2 bounded from W^' to L^' since (qi)' > P-(L). 
•GA: Same as FH by changing (gx)' to g . 
•AG: Same as HF by changing (gx)' to g . 

•EC: By duality, this is the same as DB by changing L to L* and po to 

Pi- y y 

•CE: By duality, this is the same as BD by changing L to L* and po to 

Pi- 

We conclude this section with the following corollary. 

Corollary 6.6. If q-(L) < p < q + (L), then L has a bounded holomorphic 
functional calculus on W 1,p . 60 

Proof. (g_(L), ?+(£)) = Z(L), so this functional calculus corresponds to min- 
imal arrows MM for M = (-, 1). □ 



We do not know if the converse holds. 
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6.4 More on the Kato diagram 

As we have seen, we can move vertically up and down in V. However, one 
can authorize more downward arrows. Doing this and modifying slightly 
the definition of the numbers r±(L) in Theorem 15.91 we shall show that 
r + (L) = p+(L) and obtain a lower bound on r_(L). 

First we claim that the proof given for the reverse inequalities ||L 1//2 /||p < 
|| V/ ||p extends as follows. 

Proposition 6.7. For all /i G (uj,tt) and all if E H°°(T, IJ ,), 

IIl^VC^/IIp < IMU|v/||p 

whenever p^(L) = r_(L) < p < p + {L). 

Proof. The case p > 2 is a simple consequence of this inequality for L l l 2 
together with the bounded holomorphic functional calculus on LP for p < 
P + (L). 

We now turn to p < 2. We begin with the representation formula (|3.6J) 

for ip( z ) = z x l 2 ^z). One has 

ip(L) = [ e- zL r] + (z) dz + [ e- zL r]^(z)dz 

and 

valid provided the technical assumption \ip(Q\ < C(l + |C|) _1 ^ 2_S f° r some 
s > 0. If one defines the primitive N±(z) of respectively f]±(z) which vanishes 
at infinity then, under the technical assumption, one may integrate by parts 
and, since the terms at cancel each other, one finds 

ip(L) = [ Le~ zL N + (z)dz+ [ L e - zL N_(z) dz. 
Furthermore, one has 

\n±(z)\ <C>r 1/2 |MU zeT±. 

Hence, by repeating the argument for L 1 / 2 where integration on the positive 
axis is replaced by integration on half-rays r±, we obtain 

||VW/||p<||y||oo||V/|| p 
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whenever p-(L) < p < 2 and ip sastisfies the technical condition, which is 
removed by a limiting argument. □ 

Let us discuss the sharpness of the bounds obtained above. 
Proposition 6.8. Assume that for all fi £ (u, ir) and all (p G H 00 ^^), 

Then supQoT(L), 1) < p < p+(L) where pZ(L) is defined as follows: the 
point B = (==?£), 1) is symmetric to F = ( ( Q+ (L*)y > ~~ -0 res P ec t to D = 

One can see that p^(L) < p-(L). This lower bound p^(L) is the best 
one can obtain by a convexity method. If n < 4, p~(L) = 1 so there is 
nothing more to say. In dimensions n > 5, the lower bound is optimal for 
any operator L for which this inequality cannot be improved, which is the 
same as saying that p + (L*) > (q + (L*))* is optimal (See Section 1431 for this). 

Proof. Fix ip E with H^H^ = 1. We have for all t € R 

\\L^ + ML)f\\p < liv/ii, = ll/IU*, 



We also have from the HLSK diagram that for all (q + (L*))' < q < p+{L) and 
t G R, 

||L- 1/JH *^L)/|| ff <||/IU-i.«. 
By complex interpolation, we obtain 

M£)/llr < H/llr 

for 1/r the middle of 1/p and 1/q. By Theorem 16.11 it is necessary that 
P-(L) < r < p+(L). 

Choosing q arbitrarily close to p+{L) forces p < p+(L). Choosing q 
arbitrarily close to (q+(L*))' forces p > p^{L) given the definition of this 
number. □ 

Geometrically, this provides us with a family of authorized downarrows 
that may not be contained in V. We assume that po = (po)* > 1 otherwise we 
exclude from this discussion points {(^,s)} with ~ > 1. Consider the closed 

convex polygon V in = ABDFEC in the plane {(-, s)} with A, D, F, E, C as 

before and B = (4^-, 1) and also the closed convex polygon V ex t = ABDFE, 

where A = (j+y, 1) and D = 0). See Figure 2. 
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A' A B B' 




E 



Figure 2: The convex polygons Vi n (shaded) and Vext- The points 
A',B',D' correspond to A,B,D in the text. Downarrows MN with 

M G Vin and N G Vext or M G P e:r i and iV G Pj„ are authorized. 



Proposition 6.9. For any downarrow MN, M — (^,s) N — (^,cr) with 
one extremity Vi n and the other in V ex t we have for all /i e (u>, ir) and all 

IkW/ll^^lk^VlUoc^)!!/!!^, 

provided the quantity H^^'^Vlk 00 ^) ^ s finite. The implicit constant de- 
pends on fi, u, p, q,s,a. 

Proof. The previous proposition shows that for the maximal downarrows AC 

and BD the corresponding inequality of the statement are valid. Combining 
this with all possible vertical authorized arrows in V, the convexity property 
of complex interpolation gives us the desired result. □ 

Of course, the downarrows can be reversed exactly when M and N belong 
to the HLSK diagram V. 

The expected maximal convex set Vi n would be with B replaced by B 
where B is the symmetric point of F with respect to D. But our arguments 
do not suffice to prove the inequality corresponding to the vertical downarrow 

BD with D the vertical projection of B on the ^ axis. 

7 Square function estimates 

In this section, we study vertical square functions of two different types which 
are representative of larger classes of square functions. Then, we prove some 
weak type and strong type inequalities for non-tangential square functions. 
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7.1 Necessary and sufficient conditions for bounded- 
ness of vertical square functions 

Define the quadratic functionals for / G L 2 



oo \ 1/2 



g L (f)(x)=( I \(V *<-' L f)U)F<lt 

and 



o 



G L (f)(x)={J \{Ve- tL f){x)\ 2 dt' 112 

The L 2 theory of quadratic estimates for operators having a bounded holo- 
morphic functional calculus on L 2 implies 



(7-1) IM/)I| 2 ~ 11/11 



2- 



In fact, such an inequality is equivalent to the bounded holomorphic func- 
tional calculus on L 2 . Moreover, the family ((tL) 1//2 e~* L ) t> o in can be 
replaced by more general functions of L. 61 
As for Gl, 

(7-2) 11^(7)112 Hl/lh 

is a consequence of ellipticity and 



\f(x)\ 2 dx = 2ft // A(x)(Ve~ tL f)(x) ■ (Ve~ tL f)(x) dxdt. 

J </R™x(0,oo) 

This equality is obtained as follows. We have 



/•DC J 



2ft /"/ {Le~ tL f){x){e- tL f){x) dxdt 



J Jm 



l x(0,oo) 



and it remains to integrate by parts in the a; variable using the definition of 
L. 



<>i 



All this is due to Mcintosh and Yagi, |McY| and 0. 
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We are interested in the If counterparts of these results. Define 

S{L) = {1< p < oo; V/GL 2 nP \\g L (f)\\ P ~ \\f\\ P .} 

and <S_(L) = <S(L) n (1,2) and 

Q{L) = {K p < oo; V/ G L 2 n L? \\G L (f)\\ p ~ ||/|| p .}, 

= £(L) n (1,2) and <? + (L) = n (2,oo). Recall mtJ(L) = 

(p_(L),p + (L)) and inW(L) = (g_(L), g + (L)). 

Theorem 7.1. 1. int«S(L) = (p_(L),p + (L)). 62 

£ int^(L) = (g_(L),g + (L)). 63 

Roughly, this theorem says that, up to endpoints, the range of p G (1, oo) 
for which gi defines a new norm on LP is the same as the one of boundedness 
of the semigroup and that the range of p G (l,oo) for which Gl defines a 
new norm on LP is the same as the one of boundedness of (VtVe~ fi ) (> o. 

Due to Theorems 15.21 and 15.61 the connections to intervals of exponents 
p for which one has LP boundedness for the Riesz transform VL~ 1//2 is as 
follows. 

Corollary 7.2. 1. The intervals X_(L) , «S_(L) andQ^(L) have same in- 
teriors. 

2. The intervals I + {L) and Q+{L) have same interiors. 

Hence, there is again a dichotomy p < 2 vs p > 2 in the description. We 
turn to the proof of the theorem. 

Proof. The argument has several steps. By Proposition 14.21 we may freely 
replace J±(L) by one of the intervals JC±(L), A4±(L). 

62 We develop an argument based on the extension of Calderon-Zygmund theory in 
Section [21 However, there is an other argument as follows: we have shown that the 
interior of 3(L) is the maximal open interval of exponents p for which L has a bounded 
holomorphic functional calculus of L p . Take such a p. Then, apply Le Merdy's Theorem 
3 in LcM] to conclude that gL defines a new norm on L p . More is proved in LeM : the 
operators (ti) 1 / 2 e _tL in the definition of gL can be replaced by more general functions of 
L. We choose not to develop this here. 

63 The statement is valid for square functions where the semigroup in the definition of 
Gl is replaced by more general functions of L. Again, we do not go into such considera- 
tions. 
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Step 1. p > 2 and (y^Ve tL ) t >o satisfies L 2 — L po off-diagonal esti- 
mates imply \\G L {f)\\ p < \\f\\ p for 2 < p < p . 

Step 2. p > 2 and (e~ tL ) t >o satisfies L 2 — L Po off-diagonal estimates 

imply \\g L (f)\\ P < \\f\\ P for 2 < p < p . 

Step 3. po < 2 and (e~ tL ) t >o satisfies L Po — L 2 off-diagonal estimates 

imply \\g L {f)\\p < \\f\\ P for p < p < 2. 

Step 4. po < 2 and (i/tVe^ L )( >0 satisfies L Po — L 2 off-diagonal esti- 
mates imply ||Gl(/)|| p < ||/|| p for p < p < 2. 

Step 5. Reverse LP inequality for gi when p~(L) < p < p + (L). 

Step 6. \\g L (f)\\ P ~ \\f\\ P implies (e- tL ) t>0 U> bounded. 

Step 7. ||G L (/)|| P < ||/|| p implies (^Ve^)^ ^-bounded for q in 
the interval between 2 and p. 

Step 8. Reverse LP inequality for Gl when 1 < p < oo. 

The combination of steps 2, 3 and 5 shows that intjT(L) is contained in 
S(L). Step 6 implies that S(L) is contained in J(L). 

The combination of steps 1 and 4 shows that intJ\f(L) is contained in 
mtQ(L). Step 7 and Step 8 show the converse. 

Step 1. po > 2 and (v^Ve^ x ) t> o satisfies L 2 — L Po off-diagonal esti- 
mates implies ||G , l(/)|| p < ||/|| P for 2 < p < p . We apply Theorem 12.21 
to the sublinear operator T = Gl- We choose as usual A r = I — (I — e~ r L ) m 
for m a large enough integral number. 

We have to check ()2.4|) . Let B be a ball and r = r(5) be its radius and 
k = 1, ... , m. By Minkowski integral inequality and > 2, we have 

(i /> \ 2/po /-oo / i /• \ 2 /p° 

\B\JB lGL{e ~ kr2Lf)r j - Jo {W\JB lVe ~ tL{e ~ kr2Lf)lP0 J ^ 
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Using the hypothesis of p Q , the commutativity property of the semigroup and 
applying the scalar inequality (|5.6|) to e~ tL f for each t > 0, we have 

\ I/po / 1 r \ 1/2 

|Ve-* L (e- fcr2i /)p < 



B 



Squaring this and using that < °°5 we obtain 

im L i^^r) 2/ " * * c f E L, 1 v ^ 1/|2 dt 

Exchanging the sum and the integral, the latter is equal to 



(/)!'' 



which is controlled by CM(Gl(/) 2 )(?/) for any y e 5. 

Next, we establish (|2.Hjl . Let 5 be a ball and r = r(£?) be its radius. Let 
/ G L 2 . Decompose / = fx + f 2 + f% ■ ■ ■ where fj = fxc an d Cj are defined 
as usual. We start from 

For j = 1, we merely use the L 2 boundedness of Gl in (|7.2|) and that of 
(I - e~ r2L ) m to obtain 



1/2 / i (■ \ 1/2 

r 2 L\mr \|2 \ ^ n \ I I f |2 



For j > 2, we write 

M / B l^(( J - e ~ r2L ) m ^')| 2 = [ \B\I B WiVil-e-^re-^f^dx^. 

and we use the estimates in the second argument of the proof of Theorem 
15.61 to obtain a bound 

C2 nj r , „,„ / r° 1 J f t \ 1/2 fA j r 2 \ m ~ 1/2 \df 2 



•V+ i D\ A,.., J/? 1/1 ./n 4^ mf \ 1 l'r~ 



hence as m > 1, 



Choosing further m > n/A allows to sum in j > 2 and to conclude for (J2.3j) . 
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Step 2. p > 2 and (e <L )t>o satisfies L 2 — L Po off-diagonal estimates 

imply ||0l(/)|| p < ||/|| p for 2 < p < p . We apply Theorem O to the 
sublinear operator T = g^. We choose as usual A r = I — (I — e~ r L ) m for m 
a large enough integral number. 

We have to check (|2.4j) . Let 5 be a ball and r = r(.B) be its radius and 
k — 1, . . . , m. By Minkowski integral inequality and po > 2, we have 

(w\ l i9L{e ~ kr2Lf)r ) 2/po ^ r (w\ l i( tL ) i/2e " tL ( e " fcr2i /)i p °) 2/po t 

Using the hypothesis of po, and following already used arguments, we have 
that 




with Cj = Ce~ for some positive constants c, C . Applying the commuta- 
tivity property of the semigroup and this inequality to g = {tL) l / 2 e~ tL f for 
each t > 0, we have 

As the latter expression equals 




9lU)\ 2 



we obtain a bound in CM(gL(f) 2 )(y) for any y G B as desired. 

Next, we establish (|5.5|) . Let S be a ball and r = r(5) be its radius. Let 
/ G L 2 . Decompose / = f x + f 2 + f 3 . . . where fj = f\c 3 and Cj = Cj(B) 
are defined as usual. We start from 

(w\ L ]9l({i ~ e_fcr2L ) m ^i 2 ) 1/2 ^ E - ^ fcr2L ) m /,)i 2 ) 1/2 

For j = 1, we merely use the L 2 boundedness of in (|7.1|) and that of 
(J - e r2i ) m to obtain 
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For j > 2, we write 

p jf l^((/-e- fer2i ) m /i)| 2 = \m 1/2 e-^I-e- k ^rf^dx d j. 

As in Section f5.1-H one may use the representation ()3.6|) with the function 
(f(z) = (tz) 1 ^ 2 e^ tz (l — e r z ) m . The corresponding functions ?7± satisfy the 
estimates 

(7 - 3) ^'-pT^^^'lMT^J' " Gr± - 

Since for any < (3 < ~ — cj, (e~ zi ) z6 s (3 satisfies L 2 off-diagonal estimates, 
using (|3.6|) and the above estimate for ?7 ± , || (tL) 1 / 2 e _iL (J — e^ kr2L ) m fj\\ L 2^ 
is bounded by 

c4Jr 2 £l/2 r 2m 

plus the similar term corresponding to integration on T_. Using (|5.4p . this 
gives us the bound 

^ inf ((i^) '(~r) ) ii/IIl2( ^ ) - 

Squaring and integrating with respect to t, we find 

w\ L l9L{{I ~ e ~ kr2L)rnf ^ 2 - C2TnA ~ m3 wTB\ £ +1B |/|2 

and this readily implies (|5.5j) . 

Step 3. Po < 2 and (e~* L ) t>0 satisfies L Po — L 2 off-diagonal estimates 

imply ||0l(/)|| p < ||/|| p for p < p < 2. We apply Theorem O to 
T = gi- We choose as usual A r = I — (I — e~ r L ) m for m a large enough 
integral number. 

Equation (|2.2|) is a direct consequence of the assumption on the semi- 
group. We then turn to the verification of (|2.1|) . Let B be a ball and 
r = r(S) its radius and j > 2. Let / be a function supported in B. We have 

]2^5f l9L{{I ~ e ~ kr2Lrf)l2 = Tw^BlL \^ l ' 2e ~ tL ^- e ~ kr2L ) m f\ 
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Using similar arguments as in the previous step and using the hypothesis on 
the semigroup, || itV) x l 2 e~ tL {l — e~ r2L ) m f\\ L 2, C A is bounded by 



t i/2 r 



2m 



C I e N iTwi n.A , 1^75 , Iw II-/ H^ p o(B) 



|z|7/ 2 (|z|+t) 3 / 2 (|z|+t) f 



l/po 



plus the similar term corresponding to integration on T_. Here 7 = 7 Po 
1 1 — ^-|. Using (|5.4j) . this gives us the bound 

(7 f f t \ 1/2 (A j r 2 \ m \ 

Squaring and integrating with respect to t, we find 

(\ V 2 

and this readily implies (|2.1|) and m is chosen with 2m + 7 > n/2. 

Step 4. po < 2 and (VtVe^) t> o satisfies L Po — L 2 off-diagonal esti- 
mates imply ||(j£,(/)|| p < ll/Hp for p < p < 2. We apply Theorem 12.11 
to T = Gl- We choose as usual A r = I — (I — e~ r L ) m for m a large enough 
integral number. 

Equation (|2.2j) is a direct consequence of the assumption on the semi- 
group. We then turn to the verification of ([2.1)1 . Let B be a ball and 
r = r(S) its radius and j > 2. Let / be a function supported in B. We have 



Proposition ^. 16l shows that we may replace the hypothesis by (y/z Ve~ 2L ) zg s /3 
satisfies L Po —L 2 off-diagonal estimates for any (3 G (0, |— a;) (up to changing 
Po to an arbitrary larger value). Using then similar arguments as in the step 
1, \\ViVe- tL (I - e- kr2L ) m f\\ L 2 {Cj) is bounded by 



_c4£rf j £l/2 r 2m 

c I e ~ N |^/ 2+ i/ 2(N+ t) (N+ tr ldzl ll/lliP °^ 



I'4 
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plus the similar term corresponding to integration on T_. Here 7 = 7 po 
|~ — ^|. Using (|5.4|) . this gives us the bound 



C 



inf 



t 



1/2 / 4 j r 2\m-l/2 



t 



4? m (2-?r)T 

Squaring and integrating with respect to t, we find 

t 1/2 

\G L {{I-e- kr2L ) m j)f 



LPO(B)- 



1 



\2i+ l B\ 



l/po 



and this readily implies (j2.1j) if m is chosen with 2m + 7 > n/2. 

Step 5. Reverse L p inequality for Ql when p~{L) < p < p + (L). By 
functional calculus for L, we have the representation formula for the identity 
on L 2 

dt 



(7.4) 



./ 



tLe~ 2tL f 



t 



Hence, dualizing against g in L 2 , writing 

(tLe- 2tL f,g) = {{tLfl 2 e- tL f, {tL*)^e^ g) 
and using Cauchy-Schwarz inequality yield 



fg 



< 



9lU)9l* (g)- 



Recall that intj7"(L) = (p^.(L),p + (L)) is the largest open interval of expo- 
nents p in (1, 00) for which the semigroup (e~ tL )t>o is L p bounded. Then, by 
steps 2 and 3, gi is L p bounded for p G intJ'(L). Let p G intj7"(L). Applying 
this to L* since p' G intj7"(L*), we have 



hence, 

In conclusion, 
for p G intJ'(L). 



\9l* 



fg 



P > < C\\g\\ p/ , 

<C||^(/)ll P lbll P '- 
P < C\\g L (f)\\ p 
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Step 6. ||<7l(/)|| p ~ II /Hp implies (e~ tL ) t>0 L p bounded. It follows 
easily form the definition of and the commutativity properties of the 
semigroup that for all s > 0, 



in the pointwise sense, hence in L p norm. In particular, this and the hypoth- 
esis yield ||e _sZ, /|| p < C||/|| p uniformly in s > 0. 

Step 7. \\G L (f)\\ p < \\f\\ p implies (V~tVe- tL ) t>0 ^-bounded for q be- 
tween 2 and p. 64 

The argument of step 5 does not apply for the semigroup and the gradient 
operator do not commute. We rely instead on some trick using complex 
interpolation. Define 



We assume p > 2. The argument for p < 2 is entirely similar. We show that 



G L (f)\\ P < \\f\\p implies ||G L (/)|| 9 < ||/||, for 2 < q < p. Assume this is 



done. We prove the L q boundedness of \fs Ve sL . Without loss of generality, 
we may asume s = 1. Write 



and the L q boundedness of Ve L follows from that of Gl and Gl- 

64 In practice, quadratic functionals are built from operators whose individual bound- 
edness properties are known. The converse, thus, is never considered, so that this result 
appears new. Note that the argument could be written for arbitrary quadratic functionals 
made after an analytic family of operators. We leave to the reader the care of stating this 
general result. 



g L (e- sL f) < g L (f) 





Hence, 



Ve' L f\<G L {f) + G L {f). 
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It remains to prove the L q boundedness of the latter. To this end, we 
follow the proof of Stein's complex interpolation theorem after dualizing. Fix 
q with 2 < q < p. 

Let / be a C-valued simple function with ||/|| 9 = 1 and g = (gt)t>o be a H- 
valued simple function where H = L 2 ((0, oo), C n ; dt) with \\g\\ q ' = 1. Write 
f( x ) = J2k a kXE k (x) and g(t,x) = Y.k b k(t)XE k (x) where E k are pairwise 
disjoint measurable sets, a k are complex numbers and &&(£) are C n - valued, 

and set B k = (f£° \b k (t)\ 2 dt) 1/2 . 
Let 

AW = El a *l° (,) ri^( it ) 

and 

fc k 

with 

q q q' q' 

a(z) = -(1 — 2) H — z and /3m = —(1 — z) H z. 

p 2 p' 2 

Pick /5 G (0, 1 — w) and consider the function 

p /»oo 

= / / Ve- te ^ L f z (x) ■ g z (t, x) dxdt. 

JR n JO 

defined for z in the strip < $tz < 1. This function is clearly continuous, 
and it is analytic in the interior of this strip. Moreover, for z = iy with 
y G JR., one finds easily from Holder inequalities and the change of variable 

< \\G e - y L (fiy)\\ P \\giy\\ P > < C e^ 2 \\f ty \\ p \\g ty \\ p ' = C e M2 

and for z — l + iy with y e R, by the square function estimate (j7.2j) for e^L 
and the same change of variable, 

\F(l+iy)\ < \\G emi+ , y)L f 1+iy \\ 2 \\g 1+iy \\ 2 < C ie ^/ 2 ||/ 1+i2/ || 2 || 5l+i?/ || 2 = C x e Pv ' 2 . 

Here, Ci depends on {3 in a non decreasing manner. Hence, the extension of 
three lines theorem in jSWl Chapter V, Lemma 4.2] yields for < x < 1 and 

yeR, 

\F(x + iy)\ < C^Cfe^ 2 . 



S3 



1 1 



This implies that L q boundedness of G e if3c qL when ^tc q = j—f with a bound 

2 p 

controlled by Ce^ Cq / 2 . Now, this is true for all (5 in (0, | — to) and also in 
( — | + u, 0) by changing /3 to —(3. 

Keep g as before and let /, g be simple functions as above. If (3 is small 
enough, the function 

G(z)= / Ve- te ^ L f(x)- g(t,x)dxdt 



o 



is continuous in the strip —1 < ^tz < 1 and, by the previous argument, 
analytic in the open strip minus the real axis. Thus it is analytic in the open 
strip by Morera's theorem. Applying the three lines theorem again (this 
times, / and g are fixed and the exponent remains q) or Cauchy's theorem 
about (since we are not after optimal bounds), we deduce a bound for 
G'(0), which is equivalent to the L q boundedness of Gl- 

Step 8. Reverse W inequality for Gl when 1 < p < +oo. What we 
have proved so far applies to any operator L in our class, and in particular, to 
L = — A. The explicit formula for the heat kernel implies that p_(— A) = 1 
and <?+(— A) = oo. Hence, we recover from our method the well-known 
estimate 65 

I|G-a(/)|| p < 

for all 1 < p < oo. 

Now, let f,g 6 L 2 and observe that 66 

I fg = \imf e- £L fe^g- lim I e~ RL fe^ 
- / (e- tL f)(x)(e^g)(x)dxdt 

at J R n 

= // {A{x) + I){Ve- tL f){x) ■ (Ve tA g)(x) dxdt. 

The last equality is obtained by integration by parts in the x variable after 
computing the time derivative. Hence, we obtain 



fg 



<PI|oo + l) / G L (f)G- A (jg). 



65 due to Stein. See |StT]. 

66 we learned this trick from J. Pipher in an unpublished manuscript. See [AMcNlj 



where it is used. 
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Thus, if 1 < p < oo, the L p ' boundedness of G_a yields 



fg 



<il^(/)||p|M| 3 



and it follows 



P<\\G L (f)\\ P . 



Of course this inequality is meaningfull whenever the right hand side is finite. 

□ 

Let us draw some consequences of our results. 
Corollary 7.3. If n = 1, we have for 1 < p < oo, 

I|Gl(/)||p~||/|| p ~IM/)|| 1 , 

Corollary 7.4. If n = 2, we have ||<7z(/)|| p ~ ||/|| P for 1 < p < oo and 
\\G L (f)\\ p ~\\f\\ p forl<p<2 + e'. 

Corollary 7.5. Ifn > 3, we have \\g L (f)\\ p ~ ||/|| p for ^-e < p < f^+e' 
and \\G L {f)\\ p ~ ||/|| p for ^ - e < p < 2 + e[. 

Corollary 7.6. Ifn > 3 and L has real coefficients, then we have ||<7l(/)Hp ~ 
||/|| p for 1< p < oo and \\G L (f)\\ p ~ ||/|| p for 1< p < 2 + e. 

Corollary 7.7. Ifn>5, there exists L such that Ql and Gl are not bounded 
for some p close to 1 (hence gi* is not bounded on L p for some p close to 
oo ). 

We finish this section by proving Lemma f5 .141 



Proof of Lemma 15.141 The assumption of the lemma is that {e~ tL ) t> o 
satisfies L p —L 2 off-diagonal estimates. By duality, (e~ tL *) t> o satisfies L 2 —L p 
off-diagonal estimates. Hence, it follows from the method of step 2 above 
(applied to discrete times 4 fc , fcgZ, and changing (tL) 1 '^e~ tL to ip(tL) with 
ip given by (|5.15p ) that for 2 < q' < p', 

<C\\f\\ q , 

q' 

By duality, we obtain (|5.2j) . 
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7.2 On inequalities of Stein and Fefferman for non- 
tangential square functions 

Consider the functional 

where u(x,t) is the harmonic extension of / and 1 < A. It is bounded on 
LP (1 < p < oo) if and only if A > -. 67 At the critical case A = |, it is 
weak-type (p,p). 68 Of course, the main tool for this is Calderon-Zygmund 
decomposition for LP functions. 

We show how to use our technology in this situation by replacing func- 
tions of the Laplacian by functions of L. Again, the main point is that LP 
boundedness of the semigroup suffices. We also separate the cases p < 2 and 
p > 2. 

Define 

aium 2 = [[ ( . ^ T X \ne- tL f){y)\ 2dj §, 

JJrI +1 \\x-y\ + VtJ y/t 

where for fixed t > 0, 

\Tg(y,t)\ 2 = \V y g(y,t)\ 2 +\L^g(y,t)\\ 

In particular, this square function controls non tangential square functions 
where integration is performed on parabolic cones \x — y\ < cyt: 

9NT(f)(xf= !! \Te- tL f(y)\^. 

J J\x-y\<cVt yt 

Proposition 7.8. Lf q~(L) < p < 2 and A = - then g* x has weak type (p,p). 

Proposition 7.9. Lf2<p< q+(L) and A > 1 then g* x has strong type (p,p). 

Corollary 7.10. Ifq-(L) < p < q+(L) and A > ~ ; then gNT,g\ are bounded 
on L p and one has 69 

blfWp ~ WgMM 



67 This is due to Stein [Stl] . 

68 This is in C. Fefferman's thesis |FteT| . 

69 While Le Merdy's theorem mentioned above works well for the vertical square func- 
tion of abstract operators on L p spaces, it is not clear it applies to non-tangential square 
functions which are more geometrical objects in an abstract setting. 
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Note that the result for g NT holds for q-(L) < p < q+(L) since it is in- 
dependent of A. The proof of the corollary is simple: we have a pointwise 
control of g^r by g\ for any A > | and we obtain boundedness. The re- 
verse inequalities are obtained as for g^ and Gl following the heuristic idea 
below. Suppose we can write J f(y)g(y)dy = JJ f t (y)g t (y)dydt and that 
J h(x, y, t) dx = 1 for all y, t. Then 



f(y)g(y)dy= J yJJ ft(y)g t (y)h(x,y,t)dydtjdx. 

It suffices to apply Cauchy-Schwarz in the variables y, t to obtain non- 
tangential square function by choosing h and then Holder in the x variable 
to deduce reverse inequalities from direct ones. We skip further details. 

Remark. The limitations on p are only due to the presence of the spatial 
gradient V y in the definition of g\. If one drops this gradient to keep only 
the L 1//2 part then the range of p becomes P-{L) < p < p + (L). 

Let us turn to the proof of Proposition 17.81 Due to the fact that x and 
y may be far apart, Theorem 12.11 does not apply directly and one has to do 
some transformations. The key identity of this proof is that for any closed 
set F, 

[ gl(f)(x) 2 dx= [[ \T(e- tL f)(y)\ 2 J x , F (y,t)dydt 
Jf J Jm™ +1 

with 

/ r~ \ n ^ 

iff Vt 



JxAV't) = —FX / 1 1 7r dx - 

Vt Jf \\x — y\ + \Jt) 

First Ja,f < C so that 

\\yim\<c\\g L m?2+c\\G L {m 

where gi and Gl are the square functions defined earlier. The L 2 bounded- 
ness of gL and Gl implies the L 2 boundedness of g* x . 

Second, we have also if y lies in some cube Q and F = W n \ (2Q) that 

We begin as in Theorem 12. 11 by looking at {g\{f) > a} and decomposing 
/ = g + Yl h according to the threshold a p for \f\ p . For g use the L 2 
boundedness of g* x . 
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Next write again 

bi = Arfii + (1 - A-J&i 

where A r is the operator that works for gi and Gl in the previous section. 
The term A r hi is again in L 2 with the right bound so that the L 2 bound- 
edness of g* x suffices again. It remains to estimate the size of the set 

{x e R n ; gKj^i 1 ~ > a/3}. 

Again we take away the union of the dilated Whitney cubes 4Qi, whose mass 
is under control. It remains to estimate what is left on its complement F. By 
Tchebytchev's inequality, it is enough to estimate f F <7^(^(1 — A r .)bi) (x) 2 dx 
which we rewrite as 




T(e- tL (l - ArMiytfJxAy,*) dydt. 



The non local part of the ith summand is when y 2Qi. We bound J\ t p by 
a constant and we are back to the estimates performed to obtain the weak 
type (p, p) for gi and Gl- We refer the reader to steps 3 and 4 in the previous 
section. 

It remains to localise each ith summand on 2Q^. By the bounded overlaps 
of 2QiS 70 and the second upper bound on Jx,f, we have an upper bound 

N J2 // \ nl{x „ m \ne- tL (l-A n )b t )(y)\ 2 dydt. 

Now for each i, we integrate on the full upper half space: the integral in y 
(with t fixed) and the solution of the Kato problem 71 allow us to bound the 
term with \7 y by the one with L 1 ' 2 . Next if a = |(A - 1) = J - f , the L p 
bounds of the semigroup implies by Proposition 16.31 the Hardy-Littlewood- 
Sobolev inequality 

\\L- a fh<C\\f\\ p . 

Using the square function estimate of Mcintosh- Yagi based on (t L) a e~ tL we 
obtain that the ith term is bounded by 

cm^wL-^i- A r M\i< crania - A r M\i < cm^whwi 

70 We have to make sure in the construction of the Whitney cubes that this actually 
holds and may be twice the cubes is not appropriate but certainly cQi with some c > 1 is. 

71 One can proceed also using Remark 16.21 
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It remains to sum other i and we are done. □ 

Let us turn to the proof of the Proposition l7.9l Here also, we cannot apply 
directly Theorem 12.21 but rather its spirit and its proof. We let / G L 2 (M. n ) 
and B be a ball with radius r. We also let 2 < p < q+{L) and m > n/4 an 
integer. Assume that we have proved that for k — 1, 2, . . . , m 

/ i r \ 1//po 

(7-5) J b \9l(e- kr2L f)rj < C MM(gl(ffy /2 (x) 



then we can argue as follows. For A r = I — (I — e r L ) m , we have 
9l(f) 2 (x) < 2gl(A r fY(x) + 2g* x ((I - A r )f) 2 (x). 

Write 



gl((I - A r )fY(x) = h(x- y,t)\T(e- tL (I - A r )f)(y)\ 2 dydt 

J Jy£2B 

+ [[ h(x-y,t)\T(e- tL (I-A r )f)(y)\ 2 dydt 

J Jy0.B 

with h(x, t) = \ft n ^ x ^^ j • As h(x —y,t) ~ h(z - y, t) for x,z G B and 
y ^ 2B, the second integral is bounded by 

2gl{A r ff{x) + 2^iglUf{z). 
Hence, we can apply Proposition 12.51 as in the proof of Theorem 12.21 with 

-,-tL/ T A \ -fV„.M2, 



and 



G B (x) = 2 I h(x-y,t)\T(e~ tL (I-A r )f)(y)\ 2 dydt 

>ye2B 



H B (x) = Ag* x (A r fY(x) + 2 inf g* x (f) 2 (z) 

zdB 



provided we show that 

1 



G B <CMM(\f\ 2 )(z). 

JD\ J b z&B 



But, J B h(x —y,t)dx< 1 since A > 1, hence 

/ G B (x) dx < 2 [[ \T(e- tL (I - A r )f)(y)\ 2 dydt 
Jb J J2Bxr+ 
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and we are back to the calculations made in steps 1 and 2 of the previous 
section that give us 

[ [ \T(e- tL (I - A r )f){y)\ 2 dydt < C nil W / ' : 

Hence, it remains to establish ([7.5)1 . To do that, assume that B is the unit 
ball and r = 1 (One can treat the general case by rescaling and translation, 
which changes L to another operator with the same properties and the same 
critical numbers). Assume also for simplicity that k — 1. We write for x e B, 

gl(e- r2L f) 2 (x) = I + II 

where 

1= II h(x- y,t)\T(e- tL e- r2L f)(y)\ 2 dydt 



and 

11= ff h(x-y,t)\T(e- tL e- r2L f)(y)\ 2 dydt 

J J(y,t)eE 

and (y,t) ^ E means y 6 IB and t < r(2B) 2 . Let us treat the first term. 

Using Minkowksi integral inequality (with respect to t) and J 2B h(x — 
y, t) dx < 1 whenever y e 25, we obtain 

/ (■ \ 2/po z-4 / /• \ 2/po 

Following again the calculations in steps 1 and 2 of the previous section 

(7 i r ( e-ti ( J -^)/)^)r o ^) 2po <Ei^T / in^ L /)(y)i 2 ^ 

V./2B / \ ZJ a \ J2J+ l B 

with Cj = Ce~ ci3 and with the limitation po < Q+(L) from and po < p+(L) 
from L 1 / 2 in the definition of T. Now since t < 4 and j > 2, 

\T(e- tL f)(y)\ 2 dydt<^- [ [ \T( e - tL f)(y)\ 2 dy dx 

for some A > 0. Hence, we obtain readily 

2/PO 



r \ ^/Po 

/ F°/ 2 < AC inf M((g NT f) 
Jb J X&B 



2 ) 1/2 (x) 
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For the second term //, we first observe that for x G B and (y, t) G E, 
then h(x — y,t) ~ h(y,t) (recall that B is the unit ball so that is its 

center), thus (f B II po/2 ) /P0 < sup B /J. Next, decompose E as the union of 
E k , k > -1, as follows: E_ x = E n {\y} < Vi} and E k = E n {2*^ < < 
2 k+1 y/i}. Then for (y,t) G £7 fc , < 2- fcnA v / t" n . A crucial geometrical 

observation is that if (y,t) G E k then 2 k \ft > 1. Using the method of the 
second argument in the proof of Theorem 15.61 (recall that r = 1), 



\Te- r ' L (e- tL f)(y)\ 2 dy < C / |T( e -' L /)^)| 2 ^ 

\y\<2 k V~t J\z\<2 k + 1 Vt 



+ E / C7e- c4Ji |T(e^/)(,)| 2 ^. 



j>fc+2 



Hence 



where 



II < I I m(z,t)\T(e~ tL f)(z)\' 2 dzdt 



m(z,t) = C^2-^v / ^- fl l 2 ^> 1 (l |2| < 2 , +lv ^+ E e " c4Jtl N<2^Vl)- 

fe>-l j>fc+2 

Tedious but elementary verifications show that m(z, t) < Ch(x — z, t) for all 
x £ B and (z,t) G using only A > 0. Hence, II < Cinf^gB g* x (f) 2 (x). 

□ 



8 Miscellani 

8.1 Local theory 

Let L be as in the Introduction. We have developed a global (or homoge- 
neous) L p theory by making global in time assumptions on the semigroup. 
Reasons for this theory not to apply to a particular L at p are that the semi- 
group is not L p bounded for some (or all) t > (in which case this is the 
end of the story) or that the semigroup operators are bounded on IP but not 
uniformly, ususally with an exponential blow up. In the second case, adding 
a large s to L gives us back the uniformity. The local LP theory consists in 
working with L + s instead of L. Hence, the above results may be adapted 
with minor modifications in the proofs by changing systematically L to L + s 



91 



for s > 0. One may define the four critical exponents p±(L + s) and q±(L + s) 
which may depend on s or not. Indeed, the L 2 theory developed in Section |H] 
works with s = and the numbers p-(L + s), q~(L + s) are non increasing, 
and p+(L + s), q + (L + s) non decreasing as s grows. 
We have the following assertions for s > 0. 

1. p-[L + s) = g_(L + s) and (g+(L + s))* < p+(L + s). 

2. + s) is the supremum of exponents p for which one has the invert- 
ibility of L + s from W 1,p onto W~ 1,p . 

3. For the Riesz transform V(L + s) -1 / 2 the range for LP boundedness is 
the open interval (j>-(L + s),q + (L + s)). For p in this range L + s is 
an isomorphism from W 1 >P onto L p . 

4. There is bounded holomorphic functional calculus for L + s on L p es- 
sentially when + s) < p < p + (L + s). 

5. There is a Hardy-Littlewood-Sobolev-Kato diagram. 

6. There is an equivalent LP norm defined by (?l+s essentially for p-(L + 
s) < p < p + (L + s). 

7. There is an equivalent LP norm defined by Gl +s essentially for g_ (L + 
s)' < p < q + (L + s). 

This applies to operators whose coefficients have some smoothness. If 
the coefficients are, in addition, BUC (bounded uniformly continuous) or in 
the closure of BU C for the bmo norm, then it is known that p_ (L + s) = 
q-(L + s) = 1 and p+(L + s) = q + (L + s) = oo for s large enough. 72 This 
gives LP estimates for Riesz transforms, functional calculi, square functions 
in the range 1 < p < oo. 

One can also add to L perturbation by lower order terms and develop the 
similar theory. 

One can probably develop this theory for operators on domains with Lip- 
schitz boundaries at least with Dirichlet or Neumann boundary conditions. 
This is left to the interested reader. 

72 This is a consequence of |AMT| (see also [15]) 
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Another interesting direction is to test this theory for other classes of 
elliptic operators such as Schrodinger operators for which criteria for the 
determination of p~(L) and p+(L) have been given. 73 This theory already 
applies in the range p < 2. 74 It remains to study the range p > 2. 

8.2 Higher order operators and systems 

Consider an homogeneous elliptic operator L of order m, m G N, m > 2, 
defined by 



where the coefficients a a p are complex-valued L°° functions on M n , and we 
assume 



for some A > and A < +oo independent of /, g £ W m ' 2 . Here, V fc is the 
array of all kth order derivatives. 

One can also generalize second order or higher order operators to ellip- 
tic systems of any even order verifying the strong Garding inequality. For 
simplicity of exposition we stick to the scalar case but all works similarly for 
systems. 

The L 2 theory for the semigroup is analogous. There are 
1. bounded holomorphic functional calculus on L 2 , 



(8.1) 




(8.2) / a a p{x)d^f(x)d a g{x)dx < A\\V m f\\ 2 \\V m g\\ 2 

\a H P\=m JRn 



and the strong Garding inequality 



(8.3) 




73 SeeJ CSVj 



BK1 and BK2 for results on the functional calculus and Riesz transforms 
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2. L? off-diagonal estimates for the families (t k / 2m V fe e tL )t>o and their 
analytic extensions for < k < m where the gaussian decay e~ cu is 

2m 

changed to e~ cu m ~ and the homogeneity changes from \ft to t l / 2m . 



These estimates yield the generalized conservation property 

e -tLp = p 

for alH > in the Lf oc sense for P polynomial of degree less than m. 75 Since 
L is constructed as before as a maximal-accretive operator, it has a square 
root and one has in all dimensions 76 



(8.4) \\L 1/2 f\\ 2 ~ l|V m /| 



2- 



Moreover, the square functions gi and Gl define equivalent norms on L 2 (in 
G L replace V by V m ). 

Then one can develop the LP theory of the semigroup, introducing the 
limits p±(L) for the LP boundedness of {e~ tL )t>o an d the limits q±(L) for 
the LP boundedness of (y/i V m e~* L ) t> o. The results are similar with more 
technical burden in the arguments as one often has to control intermediate 
families (t fc/2m V fc e~ iL ) i>0 for 1 < k < m - 1. 77 One has that 

p_(L) = g_(L) 
p + (L) > (q + (L)T m 

where p* m means m times the operation p i— > p* . 

By Sobolev embeddings plus perturbation results (such as Lemma 
we have 

1, if n < 2m 



P-(L) 



< if n > 2m. 

n+2m ' 



Furthermore, this upper bound is sharp for the class of all higher order 
operators with n > 2m > 4 : for any n and m > 2 with 2m < n and 
p < n ^ m , there exists an operator (scalar or system) L of order 2m such 



75 See |AHMcT] for a proof under additional hypotheses. The argument has the same 
structure in the general case. 

76 This is jAHMcTj . Theorem 1.1. 

77 see [H], Chapter I, IXQ] and [Da] 
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that p_ (L) > p. 78 One has also 



= +00, if n = 1 
> 2, if n > 2. 



If L* is an example with p~(L*) ~ (n > 2m), then p+(L) ~ and 

one has p+(L) ~ (g + (L))* m (Here, ~ means within some arbitrary small e). 
Thus the inequality p+(L) > (q + (L))* m is best possible. 
Next, the Riesz transform becomes V m L" 1/ ' 2 and 

W m L- 1/2 f\\ P <\\f\\ P if and only if q_(L) < p < q + {L) 

and one can show the reverse inequalities (with t G R) 

\\L l/2+lt f\\ P < || V m /|| p whenever sup(l, (p_(L)), m ) < p < p+(L). 

The bounds for p > 2 are merely obtained by duality from the Riesz transform 
bounds and p+(L) is best possible. A tool to obtain the estimates for p < 2 
is the extension of the Calderon-Zygmund decomposition to Sobolev W m,p 
functions. 79 The lower limit {p_{L))^ m (if not < 1, which implies large 
dimensions), is best possible if L is an operator for which p + (L*) > q + (L*)* m 
is best possible. We have seen there exist such operators. The connexion 
with Hodge theory is analogous to the second order case and the dichotomy 
p > 2 vs p < 2 appears again. 

The critical numbers and which appear in the LP theory of square 
roots for second order operators (namely Propositions 15. 181 and 15. become 
jjUjj and ^g^. 80 Hence, the range of exponents p for the Riesz transform 
LP estimate is 



1 < p < 00, when n — 1, m > 1, 
I < p <2 + e, if 1 < n < 2m, 

e < p < 2 + e' when n > 2m. 

n+2m * ' 

78 This is in Davies |Dalj based on examples of Maz'ya and de Giorgi. 

79 See for the proof. 

80 See where all this is explicited. The case ra ?% m < P < 2 when n > 2m is due to 
Blunck & Kunstmann BKlj. The other cases follow from the methods in AT although 
this is not explicited. 
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The discussion above show that these open ranges are best possible. The 
range of exponents p for the reverse inequality 81 is 



l<p<ooifn< 2m, 



1 < p < 



2n 



+ e if 2m < n < 4m, 



n—2m 



2n 



~ El < P < 



2n 



+ e if n > 4m. 



n—2m 



Again, these open ranges are best possible. 82 

The bounded holomorphic functional calculus extends on LP for p_ (L) < 



The theory of square functions also generalize similarly. 84 For g L the 
range of p's is P-(L) < p < p+(L) and for Gl, q-(L) < p < q+(L). One 
could treat also variants of the non-tangential square functions. 

If the strong Garding inequality is weakened by a term +/c||/||2 i n the 
right hand side (in both the operator and system cases), then one has to 
replace L + A for A > k and the local theory applies. 

One can also add pertubation by lower order terms with bounded mea- 
surable coefficients without any harm to the theory. 

9 Calderon-Zygmund decomposition for Sobolev 
functions 

Here we prove the Calderon-Zygmund decomposition for Sobolev functions 
in Lemma f5.12l The notation are those of the statement. 

Proof. If p = oo, set g — f. Assume next that p < oo. Let Q = {x G 
M. n ; M(\V f\ p )(x) > a p } where M is the uncentered maximal operator over 

81 This is proved in \K for p < 2 and n > 4m. The other cases were done earlier as a 
consequence of the methods in AT for n < 2m and in jAHLMcT] for 2m < n < 4m. 

82 In particular, this means that the methods used here cannot improve the ranges of 
p for second order operators (as improved methods would apply for higher order as well) 
unless they use specific features of second order operators. 

83 This is due to Blunck & Kunstmann |BK2| . 

84 For c/£, as for second order operators, one can also combine results of Blunck & 
Kunstmann and of Le Merdy; for Gl this is new. 



V < P+(L). 
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cubes of M. n . If f2 is empty, then set g = f ■ Otherwise, the maximal theorem 
gives us 

|0| < CoT v [ \Vf\ p . 

Let F be the complement of fl. By the Lebesgue differentiation theorem, 
|V/| < a almost everywhere on F. We also have, 

Lemma 9.1. One can redefine f on a null set of F so that for all x G F , 
for all cube Q centered at x, 

(9.1) \f(x)-m Q f\<Ca£(Q) 
where £{Q) is the sidelength of Q and for all x,y G F, 

(9.2) \f(x)-f(y)\<Ca\x-y\. 

The constant C depends only on dimension and p. 

Here vn^f denotes the mean of / over E. It is well-defined if E is a 
cube as / is locally integrable. Let us postpone the proof of this lemma and 
continue the argument. 

Let (Qi) be a Whitney decomposition of fl by dyadic cubes. Hence, fl is 
the disjoint union of the QiS, the cubes 2Qi are contained in fl and have the 
bounded overlap property, but the cubes 4Qi intersect F. As usual, XQ is the 
cube co-centered with Q with sidelength A times that of Q. Hence (I5.1U|) and 
(I5.11J1 are satisfied by the cubes 2Qi. Let us now define the functions fej. Let 
(Xi) be a partition of unity on Q associated to the covering (Qi) so that for 
each i, X± is a C 1 function supported in 2Qi with H^H^ H- ^ || || oo < c(n), 
£i being the sidelength of Qi. Pick a point Xi G 4Qj fl F. Set 

h = (f - f(xi))X. 

It is clear that 6j is supported in 2Qi. Let us estimate J 2 g |V6j| p . Introduce 

Qi the cube centered at Xi with sidelength 8£j. Then 2Qi C Qi. Set q = 
m 2Qif and di = Trig f and write 

h = (/ - Ci)Xi + (q - Ci)Xi + (q - f(xi))Xi. 

By f|9.1|) and ()5.11|) for the cubes 2Q iy |q — f(xi)\ < Ca£i, hence J 2Q |q — 
f{xi)\ p \VXi\ p < Ca p \2Qi\. Next, using the L p -Poincare inequality and the 
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fact that Qi fl F is not empty, 



'Qi\ Iq, ^ ' X» ' , 



i/p 



ICi-Cil^— ' l.f-ol<n;|-^- / IV./?' I <Cn/,. 

Hence, $ 2Q , \a-Ci\f\V Xtf < CaP^Q^. Lastly, since V((/-q)^) = Xtff+ 
(/ — Cj)VA?j, we have again by the L p -Poincare inequality and the fact that 
the average of |V/| P on 2Qi is controlled by Ca p that 



J2Qi 



>2Q 

Thus ()5.9|) is proved. 

Set h(x) = J2i f( x i)VXi(x). Note that this sum is locally finite and 
h(x) = for x G F. Note also that ^2i^-i( x ) is 1 on £7 and on F. Since 
it is also locally finite we have £\ VA^(x) = for x G fi. We claim that 
< Ca. Indeed, fix x G f2. Let be the Whitney cube containing x 
and let I x be the set of indices i such that x G 2Qj. We know that %l x < N. 
Also for i E I x we have that C~ x ti < £j < CU and \x\ — Xj\ < C£j where the 
constant C depends only on dimension (see |Stlj ). We have 



\h(x)\ 



by the previous observations. 

It remains to obtain ()5.7|) and (|5.8j) . We easily have using ^\ VA^(x) = 
for i6fl, that 

Vf = (Vf)l F + h + J2^b u a.e.. 

Now bi is a well-defined distribution on M. n . Indeed, for a test function u, 
using the properties of the Whitney cubes, 

J IM <C J [y^\h{x)\£r^\ \ u {x)\d(x, F) dx 
and the last sum converges in L p as a consequence of (J5.1U|) and 
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Lemma 9.2. Set p* = if p < n and p* = oo otherwise, then for all real 
numbers r with p < r < p* , 

(9.3) llElWlr^C^El^l- 

i i 

Admit this lemma and set g — f — Yli^i- Then Vg = (V/)1f + h 
in the sense of distributions and, hence, Vg is a bounded function with 
llVglU < Col. □ 



Proof of Lemma 19.21 By (I5.11J1 and the Poincare-Sobolev inequality: 

i i i 



where 0=2-2 By (JSU, ^f||V&j||; < a r £™ r /p , hence 

iiX;i^K 7l irr<^« r E^- 

i i 



Proof of Lemma I9.lt Let a; be a point in F. Fix such cube Q with center 
x and let Qk be co-centered cubes with £(Qk) = 2 k £(Q) for k a negative 
integer. Then, by Poincare's inequality 

\ m Q k+ J - m Q k f\ < 2n \ m Q k+ Af - m Q k+ J)\ 

<cre(Q k )(m Qk+1 \vfr) 1/p 

< C2 k £(Q)a 

since Qk+i contains x G F. It easily follows that mqf has a limit as \Q\ 
tends to 0. If, moreover, x is in the Lebesgue set of /, then this limit is equal 
to f(x). Redefine / on the complement of the Lebesgue set in F so that 
tuq/ tends to f(x) with Q centered at x with \Q\ — > 0. Moreover, summing 
over k the previous inequality gives us (j9.1|) . To see ()9.2|) . let Q x be the cube 
centered at x with sidelength 2\x —y\ and Q y be the cube centered at y with 
sidelength 8\x — y\. It is easy to see that Q x C Q y . As before, one can see 
that \mq x f — ttiq f \ < Ca\x — y\. Hence by the triangle inequality and (|9.1|) . 
one obtains ()9.2|) readily. 
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